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Parameter estimation on single-molecule time series
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Introduction

progress in statistical physics of non-equilibrium small systems

ex.) Jarzynski equality, fluctuation theorem, Hatano-Sasa equality, Harada-Sasa equality, ...

but ... the model parameters should be determined.

invisible ~visible

angle
<§§é

time /-\
probe
4@ F,-ATPase model

substratum

development in a single-molecule observation & manipulation technique
ex.) optical microscope, FRET, TIRF, optical tweezer, AFM, ....

but ... observable degrees of freedom are limited.

problem: there are no general frameworks to derive system information
from restricted measurements.




General framework

invisible degrees of freedom : © = (z1,%2,...,ZTm)
(ylv Yya, ... 7yn)
system parameter : [ = (1‘[17 II,, ... ,Hp)

visible degrees of freedom : Y =

trajectory of & and ¥ are denoted as|x|and Y]

X : true value, A : estimated value

How can we estimate the values of 11

blem :
probiem on the bases of [y] WITHOUT referring to || ?

simple idea : maximize P(ITI|[y]) with respect to I

Are there any general evidence that the idea actually works ?




General framework

simple idea : maximize P(IT|[y]) with respect to I1

P([y]|II) P(IT)
P(ly])

P(II) = const. (noninformative prior )

P(II||ly]) = (Bayes theorem)

\ 4
P(II|[y]) « P([y]|II) (marginal likelihood)

marginal likelihood :

>

path probability : P(|x, y]|II)

Py = [Do PzylT) 1
5 5 Y
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g* W ‘_‘; /\/ <\ W
= sum up all possible =
trajectory of &
> >

time time




General framework

The maximization of P(II|y]) is replaced with the minimization of
“Hamiltonian” defined as 7. (IT)[y] = —7 ' In P([y]|II)

, In the limit of 7 — o<, “Hamiltonian” has a
general proot :

minimal at II = IT* .

OH  (I1) .
O | e
(Hy =) 0°H o (IT) B <é)ln P([y]|IT*) O1n P([y]|IT" )>
’ SILAH;, (/g oIl oIl -

(non-negative definite)

... but in practice, the idea should work with FINITE observation data.




General consequence In the case of finite data

The error of the estimate decreases
general proof : , , ,
proportional to the observation time length.




General framework

Estimation of the system parameter: I1

Minimize “Hamiltonian”, H, (IT)[y] = —7 ' In P([y]|II) with respect to IT .

We obtained the general consequence that the framework works.

Estimation of the motion of hidden part: [x]

Maximize the path probability, P([x,y]|II) with respect to |x].

5 :

0 In P([x]|[y]; II) =0  (Euler-Lagrange eq.)
P([z]||y]; II) = P([z, y]|T1) (Bayes theorem)

P([y]|1I)




General framework

Bayesian inference Techniques in physics
calculation of the path probability : path-integral approach
P([w7 y] ‘H) o X P(@e, Yyl @e—at, Yoo ar) X P(@erat, Yepael T, yy) X

minimization of the action functional
S([z, y]|TI) with respect to |x]

(solving the Euler-Lagrange eq. )

calculation of the marginal likelihood : LS([ar;,y]yn) =0

o|x]
P(iy)iT) = [P P(lz.y)T0 e
—> “classical trajectory” [Z]

WKB (Wentzel-Kramers-Brillouin)
approximation around |Z]




Experimental data of F1-ATPase
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the data given by T. Nishizaka




Model

Estimating parameters: IT* = {k*, h*, ", "}

a) interaction potential between the central subunit

time (magenta) and the surrounding subunits (blue and
black), k*
b) friction coefficient for the rotation of the central
subunit, 7Y *

c) spring constant of the linker, h*

A
(.‘ Fi-ATPase

substratum

. model

visible

d) friction coefficient of the probe particle, I'*

Invisible

fixed: v* = k™ = kgT =1

y(t) varied : 107% < I'™* < 10%, 107% < h* < 107

“size of the probe”

“stiffness of the linker”
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Outline of the numerical experiment

invisible visible
Vi = —kz — h(z —y) + ()

Iy =—h(y —x)+n(t)
(€(1)E(0)) = 29kgTo(t) , (n(t)n(0)) = 2TkgT(t)

Langevin equations :

estimating parameters : Il = {k, h,~v,I'}

.

A
*g /'y(t)
= -
Under the true parameter values, § YA W )
\ L \
trajectories were simulated. & [
S NG
x(t)
>
time

5

On the basis of [y| alone, II = {k, h,~,T'} were estimated

by the minimization of “Hamiltonian”, H, (IT)[y|
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Path probabillity

A
Q
Q
N
2| — W
2
- >
time

P(lz, y||IT) = Pini(wo, yo L) Pr((z0, Y0) — [z, y]|IT)

initial distribution : sz-t((xg, y0)|H) = 5 kj}j exp[—ﬁH((xO, y()), H)]
70
Hz,ysT0) = Sa? + 2 (a — y)
2 2
. . Vvl N
transition probability : P ((xo,y0) — |z, y]||II) = T AL exp|—06S(|x, y]; IT)]
T :
L R L7 T(k+h)r Thr
S([x,y]; II) = B/o dt[fycli—l—kx—l—h(x—y)]2+ E/O dt[Fy+h(y—:v)]2 = ( > )7 — QFT




Marginal likelihood

A A
_] Py = [Dr P(le.y)m
g| Pz, y]|II) Y =
: : P MI\
% /\/ AW . i‘éi =
32 5
N ) . )
time time

1.) calculate the MAP (Maximum A Posteriori) estimator |Z]

0

Euler-Lagrange equation: 5
)

lnPinit(ajan0|H) Ptr((anyO) — [Qj,y”H) =0

2.) apply WKB method around |Z]

s(|z,y]; II) N V2 + 2 ~ In(I'/dnkgTAt) N c(Zg, yo; IT)
kBT 2 YA T

s([#,y); 10) = 771 S([&, y]; IT)
¢° = (k+h)’/7°, x° =h*/7T

H.(I)[y] =
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Error & sample averaged variance

optimized solution set {Hf,j 1 7H3§,j 7"'Hi,j} — the best ﬂj

i i:index number of the different initial settings of the optimization process total — r

j : index number of the data of [y] total — s
var. # 0 var. # 0
error : A s.a.var = 0 s.a.var #* 0
err. = (||logII; —logIT*||)s
sample 1
sample averaged variance :
A A
s.a.var. = (| logH;ij — (logﬂij)er Vi) s
sample 2
— characteristic parameter of y
the roughness of H.. (IT)[y] ]
sample 3 \\'\'\N\'\[//
M (TD)y ‘ A A
% : true value, A : estimated value .
1 S
(o) = ;27:1
1 T
(o), = ;27:1
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Estimation results
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The sample averaged variance is abruptly increase at a certain curve.
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Estimation results

The error is small when A* is large
and I'* is small.

visible

invisible

error

v =k*=kpT =1, At=10"%1 =10
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Estimation results

The parameter space can be
classified into 3 distinct regions.

e . A
At is not enough
to follow the probe
motion.
\ Y
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Dependency on 7 and At
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Dependency on 7 and At
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Comparison with the spectrum fitting

the power spectrum of |y| was fitted by the analytical solution :

2
2 h? k4+h
QkBT w + ~T + (T)
S(w) - I’ k-+h h
EENEEDR
10° : ~ 10° 5
analytical solution 8
100 {0
25 10" ©
102 | =
%\ 107 10° =
oy g
power spectrum of y(t) 107 =
107 | =
h* = 5.01,T"* = 0.19 b O
10" e S— 10
10" 10 40" 410~ 10° 40" 102 107 10° 10" 107
w l\*

Our method is more precise than the spectrum fitting up to 100 times.
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Estimation of the motion of hidden part

[s the MAP estimator Z(t) a good approximation of x(t) ? o i
. invisible visible
—> only in the case ; A*/k* > 1

Analytical solution:
((&(t) — z(2))?)

|
N
~ | =
I §
Ao
|
¢ &
0|
+
o

' = 0.12 :fixed

Juswaoe|dsIp
B O 2O 2N ®H

time

Precise estimation of the hidden motion does not required to estimate
the system parameters.
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Conclusion

We propose the general framework of the parameter estimation method
with hidden degrees of freedom.

------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
.

.
..............................................................................................................................................................................................................................

The practical utility of our method is confirmed by the simple model.

- We found “loss-of-precision transition” and “loss-of-estimate transition”.

------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

. For precise estimate, the “probe” should be small and tightly coupled to the hidden
part.

. In “precise phase”, the error of the estimate decreases as 7'_1, which is consistent
with the theoretical prediction.

If we mistake the choice of the “probe” and the “linker”, we fail to obtain the precise
estimates even if we take the data over long times with super-high time resolution.

. *
.............................................................................................................................................................................................................................

------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
*

. *
.............................................................................................................................................................................................................................
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Estimation of the motion of hidden part

observed data

"‘Nq N y(t) "IUAMW%N\JMM Wy ’/‘ﬂ"‘\ W""‘W“ﬂ o f\'l‘“
MW\'M"’" " It W \M‘,»,\‘M.' ‘ oA

7

the motion of hidden part: z(t) 7
DRP (Dominant Reaction Pathway)

Model (Langevin eqgs.):
, oU (x,
vie = Fa) — 200 e
oU (z,y)
I'y = — |
y oy n(t)
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MAP estimator in a multiwell potential

Task: estimate the MAP estimator [Z] from |y| .

Maximize the path probability C exp[—3S([z,y]; IT)] with respect to [x] .
05([z, y); IT)

ox =0

— Solve Euler-Lagrange eq.:

X relaxation method : too much computational cost
cf. TDGL (time-dependent Ginzburg-Landau) eq.

O Go-and-Back method : T > v & perturbation expansion

solve Z(;) from t =0 to t =17 . (Go)

Vi) = G(xiy,y) +ve) + O

(Nit1—i

solve V(;+1) from t =7 to t =0 . (Back)

Yi+1) = —Ga(@(), Y)Vt1) + € kBT Gao (s, y) + O()
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Go-and-Back method yields
reasonable estimates.
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Go-and-Back

L e S S S S e s e

15

b gradient descent

rrrmm T TT1IT Frirmmm 1 ’"'ll[ T Trrmm rraam
O - —
2 _raw data
=110 \
R
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C o] vl vovd sl s os sl 33l
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iteration number 7

Go-and-Back method is faster than the gradient descent ~104 times.
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