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P(z", y")

0. Slepian —Wolf Problem

Coding

C(z™)
—_—

C(y")
—

Decoding Destination
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1.Surece coding with side information

Source Coding Decoding Destination
2T C(z") z"
n
L
P(z",y")
Distortion less: 't = 3"

. : n
Mean code length:  lim_ 1/nE[|C(X")|] > H(X|Y)



2. Source coding

T = L1y L2y " 733%(337; < A)
Source Coding Decoding Destination
2T C(z™) z"
P(z")
Distortion less: 't = 3"
. : n
Mean code length:  lim_ 1/nE[|C(X™)]|] > H(X)
Ideal code length: |IC(z™)| = — log P(z")

If the distribution of a source is known, we
can construct the optimal source code.

eg) Arithmetic codes
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JOvo s C(z™) |IC(z"™)| = —log P(z")
2= <pp ek t—1 C( t_]') — —|o P( t_]-)
EREE C(zg|zt™1) |C (@] 7)) g P(xt|x

1:N—ﬂ»ﬁ%ﬁﬁ‘£L P(zezt™1) ik

BB log Pzy|ot™1) — log P(a]zt 1)
REL. H2E

RRIVRY: BHEFFS



HBNRM OTIRHIER

n .
L L L1y L2y ydp

| |
Y iYL, Y2, Yn

| SRS |

—r—————

__________

S LeTER

(F BN 1E#R)

—_—— e e g



HENFEHMOSRHIRFT S EDHE

< L
BRI IFEA ERRIR

HENFEHR OFIFEHIR TS EIZ DU TIEZIv[1984],
Subarahmanya[1995], Muramatsu[1998], Yan[2001],Uematsu[2002]%
DHARLHY, iid. PVEEIILI—FEHRFEFICOVT, #FHoRBOF

"Clogn wxmmE EAEHATIYFAE—ISE IS EGTRENTING.

n

 CEEL B AEENS (RETIVMOE—ITESL). |

re——e——,e——e— e e e e e e e e e e e e e e

NAXFECHMEROZTHEREMSILEEZD



3. Why Bayes codes?

The advantage of Bayes codes?

1) Precise evaluation of the code length:

We can evaluate the exact asymptotic code length
of Bayes codes as far as constant terms

2) The highest convergence rate:

The convergence rate of Bayes codes achieves the
highest order for universal codes

3) Maximin codes and Minimax codes:

The class of Bayes codes includes Maximin codes
(Jeffrys’ prior) and Minimax codes




4-1. Bayes codes

Known « a parametric distribution: P(z"[0)
Unknown < k-dimensional real parameter vector: 9 ¢ ©  R*

Under the condition that the Arithmetic Coding is used for
coding, the decision of encoding prob;P(an) IS the main
problem in universal coding.

The optimal solution from the view point of Bayes strategy

Block code: Pp(z") = P(z") = /@ P(z"0)dP(0),

A block sequence z" is encoded to a code word C(z™) simultaneousely

Predictive code: Pp(zat™1) = P(zy)zt~1) = /@ P(zzt™1),0))dP 6]zt~ 1)

t—1

A symbol x; given '~ is encoded to a code word in order




4-2. the code length of Bayes codes

The code length of the Bayes block code is the same as that of the Bayes
predictive code.

n

—log PgP(z™) = ¥ —log Pp(z¢at~1)

t=1
[ Fisher information }
Precise evaluation [Clarck&Barron90]: 7
k n Jdet Ix(6)
Ep[—log P(X™)] = H(X"|0)+~ log —+log +o(1).
2 2me p(0)

This convergence rate achieves the highest order for universal codes



5. Precise evaluation of the code length of the Bayes codes
with side information

The average code length of Bayes codes with
side information under some assumption is given

by

= —Exnyn [log P(z"|y",v*)] + ~log —

1
—|—§ log det Iy (v*) + log

1
p(v*)

where f(v) is the prié‘r prdbab[lity of v.

_____________________________________________________________

; 1 92 log P(X™|Y™ v)
Conditional Fisher information: Ixjy (v) = — lim —Exnyn ()T
\/detIx(6)

k
Eygl—10g P(X™)] = H(X"|0)+ log 5 —+log

2(0) +o0(1).




6. Bayes codes (unknown model )

Known « a parametric distribution class: P(xz"|60(m),m)
Unknown « k-dimensional real parameter vector: 9 ¢ ©  RF

Unknown « parametric model: m e M

The encoding probability of Bayes codes:

Ppa™) = ¥ / P(2"™(0m, 1) p(0m|m) P(m)d6.
meM

N

Expectation is taken all over the model class

Precise evaluation for the code length for unknown model problem is given
by[Gotoh & Matsushima98]



The disadvantage of Bayes codes?

The complexity of the coding calculation

Assuming the conjugate prior as the prior probability of 8,
the integral does not need for calculating the coding
probability.

i\

Integral is taken all over the parameter space

—

Pp(z2™) = P(z"|0m, m)p(Om|m)P(m)db.
7 mgM /@ g

o~

Summation is taken all over the model class

Assuming a special prior distribution on the models, some
efficient algorithms can be constructed.




7-1. Context tree models

1 @ 0 T_1TQT1LRT3 " -
011 PGISH O 101 -
92 : P(:U|SQ) 53 ‘/1 / l \
03 : P(x|S3) P(”Sl)P(O!GL)P“HsOQ)“
— 1
Context P(xizow3 - |T_1,20) = }

A context tree(FSMX) model m is represented by a context tree( or a set

of contexts) and a set of the parameters on the leaves :
P(z"|m,6(m))
_— X

{S1,52,853} {01,02,03}




8. Bayes codes for Context tree models(1)
Unknown model m; = {S1,S52,53---} € M

Unknown parameters  O(m) = {61,02,03---} € ©(m)

M: the class of context trees up to depth 2
mo:. simple Markov model

mq:. 1.1.d O )
@ TN
o o
m3 ma O ms \0
@ o ~0 OGN
\O ./10& o \O
.\OQ/ /Q ‘\OQ/
./1 Qo ' ./1

For calculation of the Bayes codec.i tr11e expectation is taken over all context tree
models whose number is O(2|X| )



8. Bayes codes for Context tree models(2)

A special class of the prior distribution of m

/ . ,'\'O We assume that the prior probability P(m) is
Sm \\,\ represented by the following formula:

SO0 Pmy= I A=) IT ). (D)
.: 0 / SENm—Sm SLESm
\ '4/1”'/ where

P(Sms)
ZSESd P(Sms U S)’
where mgs € {ml|s € Sy}, Sz denotes the class of

the set of descendant nodes of s that construct
a complete tree.

———————————————————————————————————————————————————————————————————————————————————————

The prior probability of m is represented by
{q(s)|s € Nm}. Moreover, the posterior prob-
ability P(m) is also represented by {q(s|z!)|s €

— Sm g(s) = (2)

The CTW algorithm is regarded as the Bayes code
assuming q(s) = 1/2




8. Bayes codes for Context tree models(3)

The efficient coding algorithm is given by using the tree to which all context tree
models in M are merged and the special prior.

P(z™) <= Block codes: CTW algorithm

p(xt—l—l |z!) <= Predictive codes: Predictive Bayes algorithm for Context tree models
[Matsushima95]

S3@_ - S C T 1Tt T4

\O‘ . -1 0 0 Posterior probability of models
/1 \SO T y
5% @ ® "0 / - o |
B . N T \
Ss ‘\OSQ/ — {)(O S0)4(Solz") J O o
/' + P(0|S1)3(S1|z") :>O/O o
Se @ + P(0|S4)q(Sala®) T g
7 """""""""""""""""""""
5c01a — 0[Si) +a/2 o— o— 5
P(0|S;) = (5 1 o e ~O- L e ~O~ .

By using q(s), the complexity is deduced to O(d). (

____________________________________




9. Side information Context tree models

SY .
1
\OQ . -2 t-1 0t
/1 \ side information
53 O £
k\\\\\\ S,y ‘/1 y . - 1
\\\\\\3\\\\ )
. _— SQ
ac|S . \/)
\ /// t . .. O
The context of X O L -
is 7 under the $|Sy / x|5y
condition that the 2 . So
context of Yis 710
_ _ SY
Pz =0zt = 11,y 1 =...10) = P(xy = 0|Sx‘ 2,5%)

A side information context tree model is represented by

P(ayz? 1,y 7)) = P(ay| S 0) P(SY|1)



9. A special prior on Side-information context tree models

A special class of the prior distribution of m [Matsushima 095]

We assume that the prior probability P(m) of
a side information context tree model is repre-
sented by the following formula:

P(m)
= JI @-a@”) I aCsp)
Ve NGyt spesth
I1 (1 —q(s"Is7)) 11 aGsilsp)-
senL g sﬂgesﬂs%

(1)



10. Algorithm of Bayes codes for Side-information
context tree models

Posterior probability
of states of X

Posterior probability
of states of Y

P(a41 = Olz' =[11,' = 10)
_ pOSfU\SgASiﬂSg t Y ( Y|t ot
= P(0[Sy 7)a(Sy °lz", vy )a(Splz", y)
z|SY | S§

+ P(0|S, 7)a(S, 0lzt, y"a(SsEl=t, yh)

'A” sy SY -
+ P15 G(SE 0t 1y g(SY|at, )
: (1)



11. Precise evaluation of the code length of the Bayes codes

The average code length of Bayes codes with
side information under some assumption is given

by

= —Exnyn [log P(z"|y",v*)] + ~log —

1 1

—logdet T * o
3109 X'fi(y ) 10960
where f(v) is the prié‘r prdbab[lity of v.

_____________________________________________________________

; 1 92 log P(X™|Y™ v)
Conditional Fisher information: Ixjy (v) = — lim —Exnyn ()T
\/detIx(6)

k
Eyl—log P(X™)] = H(X"|6)+ log ﬁ%og +o(1).

p(0)




12. Time complexity of the algorithm

d(x) : The depth of the context tree for x

——]
:>‘\‘ qz|SY
:>./ k"'.‘_ :>‘\,S‘E|So
SY % !
:>’\ \0‘1
C /‘ 0
o sig Sy
S S
> \0.2/
/
Se @
< >

The time complexity of the algorithm:
O(d(x)d(y))

The parallel time complexity of the
algorithm: O(d(x)+d(y))

d(y) : The depth of the context tree for y
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Source Coding Decoding Destination
2T C(z™) z"
n
L

P(z",y")
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