


� “Clustering Time Series Subsequence is 
Meaningless” [Keogh03]

� “… some anomalous subsequences are not 
found in sparse regions“ [Keogh04]

� Follow-ups and suggestions [Ide06,Goldin06]
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� Progressive 
Events/Dynamics
� Time series, 

Trajectories, Data 
Streams

� Application Domains
� Financial Time Series
� Medical Log
� Behavior Monitoring 

(Sensor/Surveillance)
� Meteorological Records 
� Genomic Expressions

� Tasks: 
� Learning: Classification, 

Regression 
� Knowledge Discovery: 

Clustering, Association 
Rules
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� Segmented: 
� Time Series=Sample

� Continuous: 
� Time Series= Sample Domain

� Selecting/disregarding 
relevant/irrelevant 
subsequence: 
� Difficult problem

� Ex. Movement Epenthesis 
in Sign Language 
� Word classification ACC: 90% 

(k-NN) 
� Significant drop-off for subseq.

classification
� Subsequences do not show 

good clustering tendencies
� Epenthesis: move to/from 

initial position

[Ando11][Piciarelli06]

[Yang10]



� Symbolic Discovery
� Observed dynamics: 
Continuous
� Filling the gap
� Human Perception: Symbolic

� Goal: finding patterns 
related to relevant events
� Practice: recurring/rare 

subsequence patterns 
within time series
� Outliers, Clusters, Motifs

E.g. “A tight 
double bottom

lead to the move 
in the direction of 

longs”



� Time Series: ����
� Moving Average
� Window size: w
� ���	 
 � ��  
� � ������
� �� � � �

�� � � � � � �����
� Sliding Window 
� Window size: l
� ����	 
 � ��  � � � !"
� � � � � #$ # � � � % � � ���

 

� Discretization
� E.g. DWT, iSAX
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� Outliers/anomalies: 
� Instances in the region of 

lowest-densities
� Density-based approach: 
� Approximate point density 

by similarities to neighbors
� LOF [Breunig00]
� & ' � ()*+(,

�-.	/�� 
0'1��2 '# '3

� &2 ' � +(, 2 '# '3 '1�4 '
� �2�� ' � +(, 2 '# '3 # &2 '3 '1�4 '
� 567 ' � �2�� ' �2�� '3 '1�4 '8



� Motifs
� 9:7 '; < � / '3	 2 '# '3 = <

� k-Means: 
� Minimize function
� 7 �; >� ���? � 0� +@AB� BC 2 ' � # >
� D� � ' � 	 >� � ()*+@A2 ' � # >

� Hierarchical Clustering
� EF � D�	 D� � G � ����1

� DH#D? � ()*+@AIJ#IK�LC2 D�# DH
� E��� � E� M D� M DH N DH N D?
� / EO � �

� Spectral Clustering (N-
cut [Shi00])
� Connection matrix:9
� Graph Laplacian: 
� 5 � P �9�FQR29�FQR
� Eigenvectors S�
� ' � � S�#$ # S? T



� “Cluster means form sine 
waves regardless of the 
original time series” 
[Keogh03]

� Hypothesis: Subsequence 
Clustering � Eigen Problem

� Theoretical Analysis of SVD 
[Ide06]
� Averaging transition patterns 

produce sine waves
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� “anomalous 
subsequence patterns 
are not found in the 
sparse regions” 
[Keogh03]

� Due to: transition 
patterns generated by 
sliding window

� Higher frequency �
Sparser transition 
pattern

� Common patterns can 
be found in “sparse” 
region

� Difficulty finding high 
frequency Motifs
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� Behavior Analysis Benchmark
� Multi-agent Task experiment

� Velocity Norm Feature:
� U ' � � VW V�X
� VW � �

��� � W � � ����F � � W � � ����F
� Y" � � Z' � Z# $ # Z' � � % � � Z

� Approximately 5min.
� 4500 points

Pursuit TaskVelocity Norm Time Series (Orange)



� MA/SLW: l= 3, w=4
� With temporal links
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� k-Means (k=10) � Cluster Means
� Partial sine waves



� Moving Average:
� Reduce Marginal Loops 
� Scale Discrepancy
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� Preferential criteria
� w: remove high 

frequency noise
� l : smaller than typical 

pattern/trend
� “A pattern within 

motif/discord is also a 
motif/discord”

w=7w=5w=3



nPL=1
nML=3

� Topology: low-rank 
components
� Primary loop: large-

scale trend/Dominant 
variance

� Density 
� Dependent on pattern 

frequency

Conceptual Illustration of
Subsequence Data Structure



� Manifold Learning 
� Manifold: neighborhood 

of each point can be 
represented as a 
Euclidean subspace

� Goal: find/parametrize
"

� Techniques
� �Topological Theories
� Principal Component 

Analysis
� Spectral (sparse graph) 

representation

Metric space

Manifold



� w=4, l = 20, k=10
� n=4

� Graph rendering: 
spring-electric model
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t t � 10 t � 20 t � 30

Hierarchical �Avg. Linkage�
t t � 10 t � 20 t � 30

Normalized cut

t t � 10 t � 20 t � 30

Normalized cut



Cluster-wise Component Deviations

Global Principal 
Component Deviations

Component-wise similarity of
Primary and Secondary Components
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� Reconsider motivation: 
�What can we find ?
� What are the relevant patterns ?

� Methods and algorithms: 
� Designed for the topology of subsequence
� Scale discrepancy
� Skewed density

� Directions
� Ignore some data (MDL)
� Referential Approach
� Topological technique



� “Clustering Time Series 
Streams Requires 
Ignoring Some Data”

� Minimize Description 
Length L of Data D given 
Model M
� ()*+@A�5 9 � 5 2[9

� Quantization: 
� �\	 
 � ��  ] � ^�#$ # ^? �

� Entropy: lower-bound of 
expected # of bits
� E ] � 0���? _ ^� `a*_ ^�

� Mean Model: 
� E �\ > � E �\ ' � >

� Example

�\ ' � > � Blue#Cyan# $ # Purple#Violet

E ]
� _ B[] `a*_ B[] �#$ #�_ V[] `a*_ V[]



� Clustering Model DL: 
� 5 >� � 5 'H [ >� # D�

� Entropic Measure:
� 0�E �\ >� � 0� E �\ >� � 0IE �\ 'H � >�

� Hierarchical Clustering  – iterate joining 
clusters/instances
� BitSave: (reduced entropy) after each iteration
� Terminate when BitSave<0



� Neighbor Graph: G(V,E)
� b � c�H	 'H � & '�

� Graph Partitioning:
� �# b  �?	 �? N �

� Normalized-cut [Shi00]
� GP=GLEP (Partitioning Graph 

Laplacian Eigenvectors)
� GLE: �# b  S� ��.

� Hybrid Graph 
Formulation [Fern04]
� NI c�I	 '� � D

Manifold

Vertices
+Edges

Metric Space

Eigen
vectors

GLEGLE



� Inlier-based Outlier 
Detection [Hido10]: 
� Inlier(Normal)/Test Density 

Ratio Estimation

� Anomalous Cluster 
Discovery [Ando11]: 
Target/Auxiliary
(Normal) sets
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� Target data
� Auxiliary(Normal) data



� Reference Data
� Orange: Exploring

� Target Data
� Cyan: Pursuing
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� Target dataset: � ��

� Reference set: d Hd

� Referential  neighbors:

� �& '# �d � ()*+(,
�-.e	/��?

f 2 '# 'HdH��
� Referential Anomaly Score
� �22 '# �d � +(, 2 '# '3 '1�d4 '
� ��2�� '# �d �
E +(, 2 '# '3 # �22 ' '1�d4 '
� �gh '# �d � ��2�� ' ��2�� '3 '1�d4 '18

Tertiary Subsequence RAS

Pursue

Explore



� Role-specific Behavior 
Analysis [Ando11]
� Referential-neighbor links: 
b� � c�H	 'Hd � & '��
� Edges: b �N� b�
� Vertices:� � �� N �d
� Graph: G = (V, E)

� G is a bipartite graph

� No links to transition 
subsequence
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� Target domain data
� Source domain data



� Normalized-cut
� i5b �# b  Sj 'k�. �
S� 'C�.l N SH 'J�.e

� Cluster-pairing
� Subgraphs:
�?	 � �N? �?

� �? � D� N Dd
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� Target domain data
� Source domain data



� Against discrepant scale � Against skewed density 
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(2)

� cT vs. cR

1. Overlap
2. Partial Coverage

(1)

� Target data
� Reference data
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� Compare w/i cluster 
approximate densities 
� Target: m�� � ��2 '� IKl
� Referential:
m�d � ��2 'd IKe

� Test of Means
� 1) Null Hypothesis: m�� � m�d
� 2) Alternate:  m�� n m�d

� Mann-Whitney test

Identical Partial Coverage

Additional  distance 
evaluation required



� w=4, l=20
1.6<v<2.2

1.4<v<2.2

0.2<v<2.2
1.4<v<2.2

1.4<v<2.2

0.2<v<2.2

0.6<v<2.4

0.6<v<2.2



� On Planar Graph

� On Time-series

� High RAS Instances
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� Exploring Agents � Setup
� w=3, l=7
� 3 trials: 

T=4122,4677,5380
� Loss of purpose: 

pivoting against field 
corner
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relatively constant
(1.4 < v < 1.6) relatively constant

(1.1 < v < 1.3)

Speed up
(0.1 < v < 0.8)

Unstable
(0.1 < v < 0.4)

slow down 
(0.3 < v < 1.0)

slow down 
(0.6< v < 1.8)

slow down 
(1.0 < v < 1.7)relatively constant

(1.6 < v < 1.9)



� Baseline Methods
� Inlier-based DB
� LOF[Breunig]
� Discord Discovery [Yankov]
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Anomaly Score
Time Series

T1 T2 T3
IbDB 0.79 0.62 0.45
LOF 0.44 0.38 0.31
DD 0.47 0.44 0.41

C/RAS 00.80 0.90 0.79

Summary of AUC



� Person Activity Data
� 3D coord. from sensors 

on ankles, belt chest
� Perform a sequence of 

activities: walking, sitting, 
falling, etc.

� k-NN Classification
� Training data: velocity norm 

time series segmented by 
activities
� Test data: subsequences of 

entire series (different trial)
� Cleaning:
� RGF: Training set-Reference
� Reject anomalous cluster 

members
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Trajectory (Belt) during
Walking�Falling

k=3 k-NN k-NN + 
Cleaning

ACC 81.1 79.6

ERR 18.9 4.6

RJT 0.0 15.8



� Multivariate time series: 
� o � 
�#$ # 
p ,
� 
� � �� � ����
� '� � � �� � # $ # �� � � % � �

� Symbolic Discovery
� Temporal correlation of 

patterns (clusters) between 
time series

� Variable-wise Referential 
Clusters
� q � r� ���

p # r� � D?�

� Related problem: 
� Classification/anomaly 

detection based on 
correlation among 
multiple time series 
[Papadimitriou06,Ide07]

� Caveats
� Irrelevant patterns in each 

time series
�Relation to context-

specific patterns



� Graph Formulation
� i �# b
� b�? � c�#?	 '� � � D?�
� b �N�#? b�?
� � � '� � # 'H �3 �#�1 	[���1[s�

� Cluster spectral 
features

� I I�L
� Cross-distance 

matrix of I

vi�1� vi�2� vi�3� vi�4� vi�5� vi�6� vi�7� vi�8� vi�9�

v j�1� v j�2� v j�3� v j�4� v j�5� v j�6� v j�7� v j�8� v j�9�

ci
1 ci

2 ci
3

cj
1 cj

2 cj
3

5 10 15

5

10

15

CB
C
A



4
4 4444 444

44 555 5 55 55 556 666 67

8

8
9

0 200 400 600 800 1000 1200
0

1

2

3

4

101012 7 77 7 77 77 77
8 8 88 8 88 8 8 88

1313 13

13

13
13

1313

0 200 400 600 800 1000 1200
0

1

2

3

4

14 1415 15 15 151515 15 15 15 15 15 15 15 15 15 15 15

0 500 1000 1500 2000 2500

1

2

3

4

14 1415 15 15 151515 15 15 15 15 15 15 15 15 15 15 15

0 500 1000 1500 2000 2500

1

2

3

4

� Similar behavior 
clusters of agents 
in pursuit
� Turn by pursued 

agent

� Association Rule 
� Frequent but not 

necessarily related 
pattern





� Practical incentives to 
make prediction early 
[Xing09]
� Ex. Medical diagnosis

� Trade-off: response 
time vs. accuracy

� Goal: make prediction 
early and maintain 
accuracy

� Related:
� Anytime Learning 

[Esmeir11]

� Time Series 
(Segmented):
� o � 
�#$ # 
 

� Label: � ��� 
� Prefix: 
� tu 
 � � � #$ # � v

� Early Predictor: u
� w3 � �u tu 


� When to predict 
� Minimum Prediction 

Length (MPL)



� Predict event from 
subsequent 
observations

� Event Label:
� x � w � ����

� Subsequences:
� � � ' � ��� 

� Prefixes: 
� �u � 'u � ��� 
� 'u � � � � � � #$ # � � � v

� Early Prediction: 
� w3u � � � 'u �

�� ��
event event

subsequence subsequence
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������������������������������������������������������������

� 1-NN Classification
� Predict with label of the nearest training sample

� Procedure (train)
� Hierarchical Clustering: 
  EO
� Subtrees with MinSup+ uniformly labeled leafs:
� y � E 	 w� � wHUz 
�# 
H � y
� Nearest-neighbor in tu 
 :
� &uO 
 � ()*+@A

{1�oM{
2 tu 
 # tu 
3

� NN-consistency
� &uO 
 � y	 z
 � y

Hierarchical Clustering 



� Procedure (contd.)
� For 
 � y, 9t5 
 Uis the 

smallest v s.t. &uO 
 is 
consistent in y

� Testing: Prefix of test 
instance u 3

� Procedure (test)
� For v � +@A 9t5 
 #$ # :
� Find nearest neighbor 
� &uO 
3 � ()*+@A

|}� |} {
2 tu# tu 
3

� If 9t5 &uO = v, make the 
prediction
� Otherwise wait for more 

observationstu 
t� 
 tu�� 


… Guarantees:
Zero error rate with
Hold-one-out CV

MPL



� 1-NN is not as 
effective with 
subsequences

� Preliminary Exp.
� Personal Activity

� Extension to k-NN
� Make the prediction if 
9t5 
 � v	 z
 � &uO 
3

� Not improved

ECTS
(1-NN)

ECTS
(3-NN)

1-NN

Accuracy 68.2 69.1 80.2

Avg. len. 11.5 13.4 18



� Topology-based 
approach:
� Goal: maintain 

neighborhood structure

� Procedure
� Su � � i5b �i7? �u
� Supervised k-means: 
D� ���?

� � � SVM S � # w �
� For ' � � D�, 9t5 ' � is 

the smallest v s.t.w � �
� Su � # z� � D�# v � v# Q Q Q # %Consistency of prediction

� Preserved neighborhood 
structure 



� Multi-agent task trajectories

� Personal Activities
ECTS

(1-NN) Proposed 1-NN

Accuracy 71.2 81.2 84.5

Avg. len. 24.3 27.1 32

ECTS
(1-NN) Proposed 1-NN

Accuracy 68.2 80.2 80.2

Avg. len. 11.5 14.5 18
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� Trajectory Data (UCI 
Repository)
� Australian Sign Language
� Localization Data for Person 

Activity 
� Wall-Following Robot 

Navigation Data
� Vicon Physical Action Data 

Set 
� EMG Physical Action Data Set 

� Surveillance Image 
Sequence (CAVIAR)
� http://homepages.inf.ed.ac.

uk/rbf/CAVIARDATA1/

� American Sign Language 
Lexicon Video Dataset
� http://vlm1.uta.edu/~athits

os/asl_lexicon
� Multi-task Agent 

Trajectory (LEMIR)
� http://www.i.kyushu-

u.ac.jp/~suzuki/lemir2011.
html

� ECG etc. (Physio.net)
� http://www.physionet.org

� FX Daily Return Time 
Series (ACM GECCO 2011 
Industrial Challenge)
� http://gociop.de/gecco-

2011-industrial-challenge


