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Data Has Shape, Shape Has Meaning, Meaning Drives Value
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Shape of Data

Va’fa point cloud, atomic configuration, digital image,

sensor network

Geometric Model
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Algebraic Vescrip’rion Persistent homology, sheaf

cohowology, category
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Edelsbrunner & Miicke ‘94

Alpha shape

o X ={z; e R™|i=1,...,n}:point cloud

o R™ = U;V; : Voronoi decomp.

o UiBi(’I“) — UZ(BZ(T) ) V;)

o Alpha shape A(X,r):dual of {Bi(r)NV;|i=1,...,n}

(simplicial complex)

o Nerve theorem: U;B;(r) ~ A(X,r)
o A(X,r) c A(X, s) for v < s

easier to analyze by computers

-

filtration:

changing resolution
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Edelsbrunner, Letscher, Zomorodian, Carlsson, de Silva

Persistent Homology |

PH, (X) ~ 1[3,4]]

filtration X : X, c Xo O --- C X,

persistent homology [representations on A”j

Hg(.)() : Hg(Xl) s Hg(XQ) TP Hg(Xn)

1 2 n
interval decomposition (Gabriel’s Theorem)

Hy(X) = €D Ilbi, di]
i=1
Ib,d:0—--+—-0—-K—---—>K—->0—---—0

at X, at X,




Persistence Diagram

Interval decomp: Hi(X)~ P, , I[b;,d;]

I|b,d] represents appearance and disappearance of
R e a topological feature at t = b,d in X = {X (¢)

| i LIC-

\E =d—b: llfetlm/

® Dp(X) = {(bs,d;) € RSy :4=1,...,p}: persistence diagram
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TPA on Materials Science

What is glass?

+ Not yet fully answered to “what is glass?”

+ Not liquid, not solid, but something in-between

+ Atomic configuration looks random, but
sufficient cohesion to maintain rigidity

+ Further geometric understandings of atomic

~ supercooled

configurations are required s3iity

* Solar Energy Glass, DVD, BD, etc.

liquid

glass

/ystal

| temperaturé :

volume




TPA on Materials Science
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TDA on Materials Science Y.H., et al. PNAS (2016)

1 dim persistence diagrams of silica
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TDA on Materials Science Y.H., et al. PNAS (2016)

Support dim and order parameter

0-dim support results from periodic
atomic locations of crystals

1-dim support (curves!) appears

2-dim support results from random
atomic locations of liquids

Rewmark : This suggests a topological approach for glass transition.




TPA on Materials Science Y.H., et al. PNAS (2016)

Geometric origins of curves: inverse problem

what characterizes glass
2 structures?

what is the geometric origin
of the curves?

Multiplicity

- optimal cycle

3 Dey, et.al, 2011, Escolar and H, 2015

- continvation
Gaweiro, Obayashi, H. Physica [} 2015

hierarchical ring structure

Cp: primary rings generating the others —» Co: three oxygen rings

B

Cr: triangles on tetrahedra Bo: oxygen rings (> four)




topological statistics Kusano, Fukumizu, Y.H. ICML (2016)

PP and kernel method

#* vectorization of PDs for statistics (persistence landscape, etc)
* Reininghaus et al. proposes the persistence scale-space kernel (PSSK) on
PDs based on a heat diffusion

* Our method: persistence weighted Gaussian kernel (PWGK)
+ PWGK can explicitly control the effect of persistence

Let 2 be a LCH and k& : Q2 x Q2 — R be a positive def. kernel

Hyi : reproducing kernel Hilbert space (RKHS) s.t. f(z) = (f, k(-, )3,

My (€2) : space of all finite signed Radon measures on () vz € V[ € Hy

k is called Cy-universal if
k(x,z) is a Cy-function (cont. & vanishing at co)
Hj is dense in C(Q)
Thm: Kernel embedding of distributions (Fukumizu et al, 2011)
Oy : My(Q) — Hg, p— | k(-,z)du(z) is injective.
d(p,v) = [| k(1) — Pk(V) |21, defines a distance on 1, ().




fopo[ogical statistics Kusano, Fukumizu, Y.H. ICML (2016)

Persistence weighted Gaussian kernel (PWGK)

weighted persistence diagram

ph = > w(x)s

xeD
ex) Ware(x) = tan™ ' (Cpers(z)P)

C and p explicitly control the effect of persistence in statistics.

PWGK
The Gaussian kernel kg (z,y) = e~ 5% is Co-universal

# Pr. : My(A) = Hip, up — /kg(-,:c)d,u%(x) becomes injective

EUG (D7 E) — H(I)kg (M%) — (I)kg (M%)HHkG defines a distance

Stability Theorem
Let X.Y C RY be finite subsets and p > d + 1. Then,

d¥=(D(X), D(Y)) < Ldy(X,Y)




topological statistics

PP detects glass transition and its geometry

Kusano, Fukumizu, Y.H. ICML (2016)

PWGK

Birth(A2?)

W from liquid to glass

0 0.5 1 1.5 2 25 3

Multiplicity

glass transition!

— * red: > 3100K

/
\

80

kernel Fisher discriminant

I .000 @ ]
| 33 ° blue: < 3100K
e

kernel PCA

+ PWGK successfully detects GT

+ What is the geometric trigger to generate the phase transition?

q Inverse problem!




fopologica' statistics Kusano, Fukumizu, Y.H. ICML (2016)

PD detects glass transition and its geometry

PWGK

[ N

Lglass transition!

e red: > 3100K
| g’. °, blue: < 3100K |
. .‘ 4
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CO’rar’rs to appear!

Y/ R kernel Fisher discriminant kernel PCA

+ PWGK successfully detects GT

+ What is the geometric trigger to generate the phase transition?

q Inverse problem!




TDA on Materials Science Y.H., et al. PNAS (2016)

Curves and constrains

inad_mi_ssible i

-0.5 0 0.5 1 1.5 2 2.5 3

* 0-0-0O ring constrains are
discovered

* necessary to study both distance
and angle distributions
simultaneously (conventional
methods cannot detect)




