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Data Has Shape, Shape Has Meaning, Meaning Drives Value
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位相的データ解析の材料科学への応用
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Fig. 1 left) 3D visualisation of a partially crystallised packing
containing 200,000 beads. right) MegaTwo

opents in topological data analysis has resulted in new tools
that allows us to interrogate the geometry, topology and me-
chanics of granular systems at the grain scale? ? ? .

In this paper we demonstrate that new ideas associated with
computational topology provide an efficient, robust and faith-
ful approach to implementing tractable models to decipher
the complexity of the spatial structures of the configurational
space of granular systems. More specifically, we present a
novel topological characterisation tool, Persistent Homology
(PH), to study dense granular systems. We show that PH
is able to explore and characterise the configurational phase
space of disordered and partially ordered macroscopic gran-
ular systems by identifying key features specific to granular
systems.

We first detail the experimental systems and the imaging
procedure followed by the mathematical description of the
persistent homology, and in particular its application for gran-
ular systems.

2 Experiment and methodology

In this section we briefly present the experimental procedure
and the tools that we utilise to acquire experimental data. Fur-
ther we describe the underlying mathematical technique to in-
terrogate the experimental data to reveal hidden topological
structure in data.

2.1 Experimental

We analyse two sets of experimental granular packings each
containing over 150,000 monosized acrylic beads (diameter d
= 1 mm, polydispersity = 0.025 mm): i) a partially ordered
packing produced using a vibrational protocol with a pack-
ing density of f = 0.685 (see Fig. ??a) and ii) a fully dis-
ordered packing produced by pouring beads into a cylindri-
cal container with a packing density of f = 0.635 (see Fig.
??b). Details of the experimental procedure can be found

elsewhere? ? . Our experiments harness X-ray Computed To-
mography (XCT) and three-dimensional (3D) image analysis
to accurately determine grain centres with the precision of
(< 10�3µm) and grain’s diameter with precisions greater than
⇡ 10�2µm? .

Figure ??(a) shows a 3D rendering of such a partially crys-
tallized structure. The bright regions correspond to locally dis-
ordered aggregates of beads; a disordered core and boundaries
between different crystal domains are thus highlighted. Both
random and crystalline phases coexist in the packing. Figure
??(b) shows the disordered packing.

Helical XCT is utilised to image the internal 3D structure of
the packings with a spatial resolution of 30 microns? ? ? . Our
analyses have been carried out over the entire packing struc-
ture as well as over non-overlapping cubical subsets each con-
taining 4000 beads. These subsets are from the inner region of
the packings, four sphere diameters away from the container
walls. Contrary to the disordered packing, the partially or-
dered packing shows spatial structural heterogeneity (see Fig
??a). Subsets from the partially ordered packing have a wide
range of volume fractions ranging from f = 0.58 to f = 0.73.

2.2 Persistant Homology

Persistent homology? is a technique for quantifying topolog-
ical structures in data? ? . In the past ten years it has become
an increasingly useful tool for studying shape in application
areas from dynamical systems? ? to high-dimensional data-
mining? ? to digital images? ? ? ? . Homology is an algebraic
tool for studying topological structure. The sizes of the ho-
mology groups are called the Betti numbers and these quan-
tify connectivity in each dimension. For objects embedded in
three-dimensional space, the 0-dimensional Betti number, b0
is the number of pieces the object has, b1 is the number of
independent 1-dimensional loops through the space, and b2
counts the number of enclosed voids in the object. Persistent
homology extends traditional homology by tracking how the
homology groups change as an object grows.

Each homology class has two values, which are calcuated
by varying a filtration parameter associated with it (see Sup-
plimental): a birth value and a death value. It is common
practice to represent this information in a Persistence Diagram
(PD) for each dimension of homology. PDk contains all pairs
(b,d), b  d, associated with a persistent homology class in
dimension k.

The bead packing data is specified by coordinates for the
centre of each bead (and its radius), extracted from micro-CT
images. For simplicity, assume the beads are mono-disperse,
with radius r = 0.5mm, and consider the union of balls of ra-
dius a growing around each bead centre, X(a) =

S
B(x,a).

The topology of X(a) is conveniently captured by the alpha
shape, a subset of the Delaunay tessellation (DT) (see Suppli-
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Shape of Data
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Algebraic Description

point cloud, atomic configuration, digital image, 
sensor network
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Alpha shape
Edelsbrunner & Mücke ‘94

: Voronoi decomp.

A(X, r) : dual of {Bi(r) � Vi | i = 1, . . . , n}Alpha shape

X2

X1

X3 X4

X5

X6

(simplicial complex)

X = {xi � Rm | i = 1, . . . , n}

Rm = [iVi

[iBi(r) = [i(Bi(r) \ Vi)

A(X, r) � A(X, s) for r < s

Nerve theorem: [iBi(r) ' A(X, r)
easier to analyze by computers

 filtration:  
changing resolution 

: point cloud



(ref. Edelsbrunner, Mucke) 
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パーシステントホモロジー

- 数学者Edelsbrunner, Carlsson等によって開発 (2003, 2005年)
- 穴のサイズ, 形状, 階層構造などを扱える
- 数学的進化と同時に，現在急速に諸科学への応用が進められている
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- 発生軸は穴の発生パラメータ 
- 消滅軸は穴の消滅パラメータ 
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Persistent Homology

filtration
X1 X2 X4X3 X5

X : X1 � X2 � · · · � Xn

persistent homology

Edelsbrunner, Letscher, Zomorodian, Carlsson, de Silva

21 n

representations on An

H`(X ) : H`(X1) ! H`(X2) ! · · · ! H`(Xn)

interval decomposition (Gabriel’s Theorem)

I[b, d] : 0� · · ·� 0� K � · · ·� K � 0� · · ·� 0
Xb Xdat at

PH1(X ) � I[3, 4]

H`(X ) '
sM

i=1

I[bi, di]
generator



Persistence Diagram
Hk(X ) �

�p
i=1 I[bi, di]

represents appearance and disappearance of  
                a topological feature at             in

Interval decomp:

I[b, d]
t = b, dbirth time death time X = {X(t)}t

t
0

� � �

b d: lifetime

Dk(X ) = {(bi, di) � R2
�0 : i = 1, . . . , p} : persistence diagram

birth

death

b

d
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What is glass?
Not yet fully answered to “what is glass?” 

Not liquid, not solid, but something in-between 

Atomic configuration looks random, but 

sufficient cohesion to maintain rigidity

TDA on Materials Science
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Solar Energy Glass, DVD, BD, etc.
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All PD computations are 
performed by HomCloud

Y.H., et al. PNAS (2016)



Support dim and order parameter
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0-dim support results from periodic 
atomic locations of crystals
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atomic locations of liquids

transition
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Remark : This suggests a topological approach for glass transition.

Y.H., et al. PNAS (2016)



Geometric origins of curves: inverse problem

CP: primary rings generating the others
hierarchical ring structure

CT: triangles on tetrahedra

CO: three oxygen rings

BO: oxygen rings (    four)�

TDA on Materials Science Y.H., et al. PNAS (2016)

glass PD

what characterizes glass 
structures?

what is the geometric origin  
of the curves?

inverse problem!

- optimal cycle 

- continuation
Gameiro, Obayashi, H. Physica D, 2015

Dey, et.al, 2011, Escolar and H, 2015



topological statistics Kusano, Fukumizu, Y.H. ICML (2016)

PD and kernel method

Our method: persistence weighted Gaussian kernel (PWGK) 
PWGK can explicitly control the effect of persistence

vectorization of PDs for statistics (persistence landscape, etc) 
Reininghaus et al. proposes the persistence scale-space kernel (PSSK) on 
PDs based on a heat diffusion

�k : Mb(⌦) ! Hk, µ 7!
Z

k(·, x)dµ(x)
Thm: Kernel embedding of distributions (Fukumizu et al, 2011)

is injective. 

defines a distance on          .Mb(⌦)dk(µ, ⌫) = k�k(µ)� �k(⌫)kHk

Let     be a LCH and                        be a positive def. kernel⌦ k : ⌦⇥ ⌦ ! R

Hk : reproducing kernel Hilbert space (RKHS) s.t. 

: space of all finite signed Radon measures on Mb(⌦) ⌦

is dense in 

k is called     -universal if 
k(x, x) is a     -function (cont. & vanishing at     )
Hk C0(⌦)

C0 1
C0

f(x) = hf, k(·, x)iHk

8x 2 ⌦, 8f 2 Hk



topological statistics Kusano, Fukumizu, Y.H. ICML (2016)

Persistence weighted Gaussian kernel (PWGK)
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weighted persistence diagram

ex) warc(x) = tan�1(Cpers(x)p)

and    explicitly control the effect of persistence in statistics.C p

PWGK 

kG(x, y) = e

� ||x�y||2

2�2The Gaussian kernel                               is C0-universal

�kG : Mb(�) ! HkG , µ

w
D 7!

Z
kG(·, x)dµw

D(x) becomes injective

dwkG
(D,E) = ||�kG(µ

w
D)� �kG(µ

w
E)||HkG

defines a distance

dwarc
kG

(D(X), D(Y ))  LdH(X,Y )

Stability Theorem

Let                   be finite subsets and                . Then,X,Y ⇢ Rd p > d+ 1



PD detects glass transition and its geometry
topological statistics

PWGK

kernel Fisher discriminant
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✦ PWGK successfully detects GT 

✦ What is the geometric trigger to generate the phase transition?

Inverse problem!
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glass transition!

from liquid to glass



topological statistics

PWGK

kernel Fisher discriminant
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glass transition!

✦ PWGK successfully detects GT 

✦ What is the geometric trigger to generate the phase transition?

Inverse problem!

PD detects glass transition and its geometry



Curves and constrains
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normal  direction

rigidity

configuration space

inadmissible
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O-O-O structures (MRO)

O-O-O ring constrains are 
discovered 

necessary to study both distance 
and angle distributions 
simultaneously (conventional 
methods cannot detect)

TDA on Materials Science Y.H., et al. PNAS (2016)


