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AHD—7: HBIKRIZOH-THEE

Multiple comparisons of log-likelihoods with applications to
phylogenetic inference. H Shimodaira, M Hasegawa. Molecular
biology and evolution 16, 1114-1116, 1999

An approximately unbiased test of phylogenetic tree selection. H
Shimodaira. Systematic biology 51 (3), 492-508, 2002

Approximately unbiased tests of regions using multistep-multiscale
bootstrap resampling. H Shimodaira. The Annals of Statistics 32,
2004

Testing regions with nonsmooth boundaries via multiscale
bootstrap. H Shimodaira. Journal of Statistical Planning and
Inference 138, 1227-1241, 2008

Higher-order accuracy of multiscale-double bootstrap for testing
regions. H Shimodaira. Journal of Multivariate Analysis 130, 208-
223, 2014
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confidence(u € H|y)
BREENNSWE, RERZEHNT S




W
Rt

SFEHETILTEZRS

'Y

Y{u~N(u,I)
density o< exp(—||y — yf ‘2 /2)



NAXERERIBZITEHE

Y u~N(u, 1)
U ~ uniform

density o< exp(—|ly— [ /2)
ply~NQy,I)

muDEEDH = T—FRFSYTHH

confidencepg,,.s(1 € H|ly) = P(u € H|y)

HOERREE = J—FRNSYTRES
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Y

Confidence = 0.05 !

~
~
e — -

Type-l errorF B EIK#EE(=0.05) THIZ =LY LAALBRHE DF LITAIZIEXESITIEVLVADNERL.
P[Confidencefreq (ue H|Y) < 0.05] < 0.05underu € H

FMRIETE TIE, RERER £ TType-l errord EEKZFELRLCIZL=LY
P[Confidencefreq (ue H|Y) < 0.05] = 0.05 under u € 0H




FE TS HRREEED

y) SREANKCF

(signed distance)

Y
Y1y~N(ilI)

3
confidencef,¢q (1 € H|y) = P(d(Y) > d(y)|i) + 0,(n"2)
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1
confidencef, ., (1 € H|Y) = confidencepgg,,s(u € H|Y) + 0,(n 2)

EULMIEMLTSITE, BREAKREN. REDELZRRAIL, REREFROT TR,
HERDER Tp-EZERLTHS.
T—bRANSYTETERELEZL. AV MEREITEDHD.
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RABE A ET ILIZFE L

>

ZIEAEIFOREER: XEL=0, 1, 2H5ESR
1688 B. EFRON AND R. TIBSHIRANI
2
Ruw V=P, +Bx+Px +e¢

yimﬁo+8

R;, ) Rn y=Pp,+Bx+E

V2, V2)

R piaa A A
® i =(274,-255) (ﬁlaﬁz)

FI1G. 1. An example of the problem of regions: a normally distributed vector y = w, with covari-
ance I, is observed to lie in the region Hy,aq. With what confidence can we say that the true expec-
tation vector p lies in Hgyaq? This example, which concerns the choice of a polynomial regression

model using the C, criterion, is discussed in Section 5.

Efron and Tibshirani (1998) “The problem of regions”
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Suzuki and Shimodaira (2006)

Pvclust

Pvclust

Cluster dendrogram with AU/BP values (%)
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Fig. 1. Hierarchical clustering of 73 lung tumors. The data are expression pattern of 916 genes of Garber et al. (2001). Values at branches are AU p-values (left),
BP values (right), and cluster labels (bottom). Clusters with AU > 95 are indicated by the rectangles. The fourth rectangle from the right is a cluster labeled 62 with

AU = 0.99 and BP

0.96.
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LETTER

doi:10.1038/nature12969

Bidirectional developmental potential in
reprogrammed cells with acquired pluripotency

Haruko Obokata">?, Yoshiki Sasai*, Hitoshi Niwa®, Mitsutaka Kadota®, Munazah Andrabi®, Nozomu Takata*, Mikiko Tokoro?,
Yukari Terashita"?, Shigenobu Yonemura’, Charles A. Vacanti® & Teruhiko Wakayama®

Height

0.05 0.10 0.15

0.00

au
|
_|cD4s
100

. |

STAP 100

| 100
i TS 100
FI-SC [

| ES STAP-SC

d
au
&
o CD45
&
° 100
b=
5
(ORI
L ©
100
2 100 |
o ES STAP
Morula Blastocyst

Figure 2 | Fgf4 treatment induces some
trophoblast-lineage character in STAP cells.

placental tissues at a detectable level. i, Cluster tree
diagram from hierarchical clustering of global
expression profiles. Red, approximately unbiased
P values. j, qPCR analysis of Fgf4-induced cells

Extended Data Figure 6 | Characterization of ES-like cells converted from
Fgf4-induced stem cells and comparison of STAP cells with early embryos.

Scale bar, 100 um. d, Cluster tree diagram from hierarchical clustering of global
expression profiles. Red, AU P values. As this analysis included morula and
blastocyst embryos from which only small amounts of RNA could be obtained,
we used pre-amplification with the SMARTer Ultra Low RNA kit for Illumina
Sequencing (Clontech Laboratories). e, f, Volcano plot of the expression
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e L
>- BP = fires) =~ P(Yes | Data)
10000

D*IOOOO i Bootstrap Probability
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Bootstrap: n=10,242 columns

human 1 GCCAACCTCCTACTCCTCATTGTACCCATTCTAATCGCAATGG
COW 2 ACCAACCTCCTACTCCTCATTGTACCCATCCTAATCGCAATAG
rabbit 3 ATTAATATCATCTCACTAATTATCCCAATTCTCCTCGCCET2ZG O O ©
mouse 4 ATTAACATCTTAATACTAATTATTCCCATCCTATTGGCCGTAG
Opposum 5 ATTAATACACTCCTTTTAATCCTACCTGTACTTTTAGCCATAG

Assume i.i.d. for columns

D w=p D',.,D"

n m
We assume m = O(n) , typically m=10242, 5000, 20000, say

In the “m-out-of-n bootstrap” 0 < m < n , typically m=30, say

22
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Efron and Tibshirani (1998)

#{Tree}
100

D', D* D7, .. BP = P(Tree|data) =

Shimodiara (2002)D T IILF R — LT —r RSV T : D DINTIF (HED [EmIZ R EEHIT S
mZELSE=BPHD, BREFEHEITORFEHZTIHEED, REREFERDIEHHELHMND !
23



=& IFE
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Hl: N1 = N2, M = 7719
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ZELBDGE

Y = /nx7 12
~ 1
X~N(m, ;) 1= nz"Y2p
d1 (V) = max{c,(Xz — X1), .., cp(Xp — X1)} Y~N(uI)

confidencey,.(u € Hy|y) = P(d,(Y) > d;(¥)[0)

H, H,

Least favorable configuration y
Mm=mn2=-"=T1p
dq

e rREL (Thik) DITER

25



% B LLERIT R ST HY

& PEIZ D Type-1 error
P|confidence,,.(u € H;|y) < 0.05] < 0.05 under H;

t

RERIER L TEHEELGOELLD, FE(2HH5D I fc.DH
RERDIEREES
S(y) = {H;: confidence,,.(u € H;|y) = 0.05}
P[H; ¢ S(y)] < 0.05 under H;



Region and a data-point

(0.7,1.6)

< 1 +u2
- 64 3



Multivariate Normal Model

4 ) , N
y:(u)v)ERQ+ q:dlmu
Y ~ Nq—|—1(:u7 Iq—l—l)
\_ v
4 N
H = {(u,v) v < —h(u),u € Rq}
region: H = R(h) boundary surface: 9H = B(h)
o v

Null hypothesis: ) - H vs. Alternative hypothesis: [ Q H

28



Chi-square test (very conservative)

distance? ~ chi-square distribution with df=2

5B
iy

1.836 p=0.206

1.778



Multiple Comparison (conservative)

X~N.n,I,/n) < Y~N,(ul)
7112772,7712773 e VS—|M|/\/§

u=~n/2M;—mn,) p=o.o73E D
v:\/n/6(772+773—2771) )

p=0.068

]



Singed LR test (rejecting too much)

distance ~ N(0,1)

-
Sl -

1.836 p=0.038

1.778



Bootstrap probability (=Bayesian PP)

Y~ Nyga(y, 0% Ig41) 0’ =1

__ 4y c Hb=1,.. B
o g By = T }

.....

BP,:(H|y) = P(Y" € H|y)

BP is interpreted as the Bayesian posterior probability of H
if the prior distribution of mu is uniform.

Efron and Tibshirani (1998)



BP is even worse

BP=0.019
p=0.033 (signed LR test)@
[

BP=0.037
p=0.038 (signed LR test)

33



Double bootstrap probability

Projection of y onto the boundary surface:

fi(H|y) = arg min [y — pl|
pneoH
Adjusting BP using resampling from the projection

YT~ Nopi(W(Hly), 7 1g1) Tt =1

DBP, 2 ,2(H|y) = P, [BPaz (H|Y™) < BPo2(Hly) | p(H |y)}

Hall (1992), Efron and Tibshirani (1998)



contour surface of BP=0.019

Computing DBP:
Y+ ~ NQ(ﬂ? [2)
DBP — P[BP(H|Y+) < 0.019 | g}

DBP=0.049

BP(H|y)=0.019

35



DBP adjusts the bias of BP

\

|\, P(BP<0.05)

0.08 \
\

Ny z(DBP<o.o;\)‘\\ "
N e DBP=0.049
T T gpeggs 2PF0.018
6 —=0.0,0510,....30 e
1= (8, —h(0)) € OH /,/”EPZBBE"\\\

-
- ~
P ~

DBP=0.039
BP=0.037

36



Approximately unbiased p-values via
Multiscale bootstrap

m out of n bootstrap : Politis and Romano (1994), Bickel et al. (1997)

X =A{xy,...,z,} :> X*={x},...,x"}

/The idea of multiscale bootstrap : Shimodaira (2002, 2004, 2008) \

We compute BP for J%, c. ,ng and extrapolate BPto g2 = —1

(equivalently m = —n )

\The BP with m = -n is denoted as AU ( = Approximately Unbiased) /




IEFR 7 D LRI

2

¢(X) _ ﬁe—x /2

D(z) = J.ZOO @o(x)dx

B(1.64)=0.05 _

164



m

=-n ~D4\ &

Extrapolation to sigma?=-1

o ® LI
z)=1— Z) = e 2 adx
@ =1-0() = [ —=
62 — 1 < multiscale bootstrap 62 —1
22 T—rRRSYT
. BP=0.019 .
f(0*) = 0@ [BP2(Hly)
AU = (I)(f(_l)) 19 double bootstrap
NIVFR—ILIT —bARRTY 2 ) .
L 18 v — B
w0t L g gl0) = @7 [DBPys  (Hly)
DAU=0.055 -----="" 16 FIIWNIT—bRARZYD )

TILFRT—IL- BTN T=RZ ST

DAU = ®(g(—1))

0.5 1.0 1.5 20 0]

We apply the multiscale bootstrap to DBP for getting DAU

Equivalently, we could say applying double bootstrap to AU for getting DAU

39



contour curves of p=0.05

BP, AU, DBP, DAU

40



DAU®DZEHFER(LIREHI/NELY

Rejection probabilities P(p<0.05)

0.065

0.060*

0.055

0.050

0.045 ¢

Error: DAU < {DBP, AU} < BP

‘\ BP
\
\
\
\
\
\
\
N
N
N
\ S
\ T~ ——
AN . ° —
d DAU .
\
DBP N\ ===
05 10 15 20 25 3.0

§ =0.0,0.5,1.0,...,3.0 w=(0,—h(9)) € OH
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TAHESR

Rejection p?“({ ‘

2 (0.051250

TABLE 2

ALMEERLY)

es (in percent) at significance level o = 5%

u 0.0 )/ 0.5 1.0 1.5 2.0 2.5

BP 13.39 8.894 6.678 5.676 5.2563 5.086 5.0277
AU2  7.655 5171 4.459 4447 4.628 4.801 4.912
AU3  6.609 4.718 4.493 4.746 4.982 5.080 5.081
DBP  6.619 4590 4.202 4.364 4.610 4.795 4.905
DAU 6476 4.660 4.481 4.746 4.981 5.084 5.092
MCB 5.000 3.340 2.880 2.783 2.768 2.766 2.766

&

) o

42



New Discovery?

58% 2%



RAXDERIERE

U

1=human 3=rabbit d=mouse

058 001 0.02 0.00 0.00
W 1 3 45 \J S/ W I\W
.~ 008 000 0.00 0.00
Y Ny N Y Y
0.04 0.1 000 000 0.00

J—hRNSYTE (m=n) Tt E
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Shimodaira-Hasegawa testld&Z £ 9 =5

0.94 0.18 \ 0.1 )

SH > 0.05 \? o5 007
4 3 4
058 o1

HBLEICZELRREZERALTETILEROS EHZRAE



SAE R Dp-1E (1 ME’JI M

0.11 0.03 0.00 0.00 0.

TILFARAT— )L T—rZArSYTiE (m=-n)TiE




HREZRELT HENA X (T HHER

R

iy

SEE R Dp-E RAXDE

3

oY

Jerzy Neyman

Bayes

(1894-1981)
J:l: TN (1702-1761)
P RA R

AU =®(B,- B, )+0(n™") BP=®(B,+f,)+0(n™")
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Rescaling the whole picture

Shimodaira (2002)

BP=®(f,+pB,)+0(n™")
BP(c*)=® [& + ,Bla} +0(n™"?)
(o2

NBP(G?) = @{o o (BP(Gz))} =®(B,+ B0 )+0(n™")

48



RAXEHERD T vy T 1E

-

0%

NBP(c*)2®{c &' (BP(c?))|
EFIEL=7—h RSy THESR(NBP)

A—1) 58|

z 4 NBP(c?)
At
\ l AU = NBP(-1)
Jerzy Neyman \ . A
(1894-1981) {_ NBP (+1) (1702-1761)
SR R RfFEte
i . >
o’ =-1 0 o’ =1 (72 — ﬁ
m=-—-n m = oo m=n m

AUDETEFIE: L DOHNDOmM>0TBPEFETHEL T, NBPIZEHL THhom=-n~4F 4,



We can’t compute nBP(-1) for cones

smooth surface
BP(c*) ~ CD['BO +fo }
nBP(c*)~ ® (B, + B0’ )

BP(c?) = q{ﬂo +ﬁ1}
nBP(c*) =~ ®(f, + fo)



Taylor expansion of nBP using k terms

Shimodaira (2008)

S P e

extrapolation (sing.3)

v(o%)

W(Gz) =py+fo

AU, =nBP,(-1) || \

Taylor expansion (k=1,2,3,4)




Scaling-law and geometry

Shimodaira (2008)

NBP(c%) = (T)(Qo + [2162 +B,0°+B,0°+- .)+ O(h*)

distance mean curvature

p-value=®(B,— B, + B, — B, +-)+ O(h’)

! jU YA :
ﬁ](u): j 1 2 Y . ' 2/ 2j_1 B
2 J-: Jitt =) ]l . .]p—l ! au 1., au p . u=(vy,..., Up-l)

1 - v =—h(u)

Using a new asymptotic theory with “nearly flat surface h” instead of large n.



Extrapolating NBP to m=-n

NBP(c*) = (T){G P (BP(GZ))}
Plotting: o (T)_I(BP(Gz))

Fitting a model : w(o’)=B,+po’+B,0" +--+p,_ "

BP=0.0078 <
k=2: AU=0.057 < | |
k=3: AU=0.052 o )

p=0.05




What NBP is calculating ?

Shimodaira (2008)

NBP(c)=®(B,+Bc’)+O0(n™")

curvature

NBP(-1) = p-value+ O(n?)

54



What is an unbiased test?

The P-wue of an Unbiased Test (“similar” on the boundary)

P{p(é)<a|9}=a, "9coH, O<a<l

Gepmeiz .P_Vibabrhy Motdasns Drig
Dtd' y:& = —28,

AH
BP=

Priw
5 wntdh thy preov

Aistance

= & (1)

55



Matching priors

0 (P,A) @cRA1ecR"

H = {9 (P < goo}
Tibshirani (1989) assumes orthogonality ]qoﬂ« (p,A)=0

7(0) = g0, 1) | (9. 2) [
dlogr(0)

— —2ﬁ1 (curvature of the boundary surface of H)

¢ =0,

d(D B, o<1/ radius

Reweighting the bootstrap by this matching prior makes BP=p-value



Correcting a deviation from normality

Efron (1987), Efron and Tibshirani (1998), Shimodaira (2004)

_1 E(6-6)")
6 E((é_9)2)3/2

acceleration constant

4}

nBP(c*)=®| (B, - B’ )—a(2B; +c°) |[+O(n™)

p-value = @ [,80 — B +a(l- ,802)] +0(n™")

&' (p-value) - ' (AU(-1)) = a2 + O(n™")



Two-step multiscale bootstrap

Shimodaira (2004)

a Dm — D;l ) Yes A
D S D*z ) D*z‘ No > BP(GIQ,Gzz):#{YeS}
N

10000

*10000 *10000 — 2 -1/2
m1 ‘ D ‘ Yes/ BP(c )+Op(n )

] 2 2 2
with o~ =0, + 0,

oc® ' (BP(c,0.))=c® ' (BP(c*))+n *acio;o (B, — )+ O, (n")

c.f. Three-step multiscale bootstrap estimates six geometrical parameters and
gives third-order accuracy
58



Many hypotheses: FDR, visualization

Cluster dendrogram with PP1/AU3 values (%)

o
c
g o
s o g
2 2
g < i
o I §
8 (e
5§ o it
3 © £H
a 3
° =3
g - i
P15 Pys P> Pysee- —
Histogram of z-values with ticks of critical values (AU3) PP1>95
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Asymptotic theory of
4th order accuracy

Q

q

q
h(u) = Z Z hijuiu; + Z hijetitug + -

=1 j=1 1 j=1 k=1
1 92h(u) 1 9h(u)
7 20u;0u4 lo ( ) i 6 Ou;0u;Ouy, ‘0 Ofn™)

HHE D% gy The k-th order derivatives are O(n=*=1/2) for k > 1, because
DR7T—)2%J 8l the coordinates U, ..., u, as well as h(u) are scaled by the factor y/n

/(Class S) )

We take care of terms up to O(n~3/2) ignoring O(n=2)
h(u) ~ ho + hzuz + hijuin + hijkuinuk + hijkluiujukul
ho = O(1), hi = O(n™"), hiyy = O(n™?), hijp = O(n™"), i = O(n=%/?)
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Thm: Asymptotic expansion of BP1

BP(H|y) ~1—®(8y + 81 + B2)

Proved by a simple argument of Taylor expansion and integration.

data point Yy = (0; Ao — ho)
signed distance g, = \, = O(1)

curvature +... B = — Ay + 3A3ys = O(n™'/?)

Bo =371 — 1172 — 373 = O(n™%?)
fourth-order terms

By = 674 — 27172 — 43 = O(n=3/?)

~ 10%h(u) 1 0%y, (h,u)
n= §8ui8ul~ 0 Ps = 2 Ou;Ou; o
mean curvature of the surface mean curvature of the mean curvature
EH: TR ES sl EJORBS]:HES

/ X —ho @

~

Y1 = hi = O(n_l/Q)

Yo = hijhy; = O(n™1)

V3 = hijhjihu;

K% = Niijj =

= O(n=3/?)

)
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Thm: scaling law of BP

BP,»(Hly) ~ 1 — & [500—1 + Bio + /3203}
NBP,2(Hly) = @[0! (BP,2 (H]y))]

NBP,: (Hly) = ®| b + 107 + B0

/Proved by a simple rescaling argument. \

BP,2(Hly) = BP1(H/oly/o)

Bo — Boo ™", B — Pio, Ba — Pao”®

- /

)\0 — )\0/0’
ho = ho/o, hi = hi, hij — ohig, hijre = 02 hije, hijr — 02 hijrr

Y1 = OV, Y2 = 07, Y3 = 003, — 0P
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Thm: unbiased p-value

Def: k-th order accurate p-values should satisfy

PFwﬁWj<a“4:a+Om*ﬂx wedH
error

Thm: fourth-order accuracy (k=4) is achieved by

PV(Hly) 21—¢{50—51—52+53}

t ottt

O(1> O(n—1/2> O(n_3/2)
Corollary: BP is first-order accurate (k=1), AU is third-order accurate (k=3)

NBP,: (Hly) = ®| b + f10? + B0

BP=PV+0(n""?)  AU=PV+0(n*?
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Rejection probabilities of BP and AU

BP is first-order accurate (k=1)

P(BP(H\Y) < a) = B(20 4 271) + O(n") = a4+ O(n~?)

\ mean curvature of the surface

- |
20 =0 () memmoTsms
AU is third-order accurate (k=3)

P(AU(H]Y) < a) ~ O(z, + 373) = a + O(n*?)

4 )
2
8u1-8uj

Using g x q hessian matrix D= (

71 = hzz — %tr(D) Y3 = hijhjkhk:i = %tr(Dg)
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4.83. Shifting surfaces

We consider shifting B(h) toward the normal direction. Let f(u) be the normal vector at
(u, —h(u)) € B(h). For a specified A € S, we move the point (u, —h(u)) by A(u) toward the
normal direction. This is expressed as

(0, =(0)) = (u, —h(w)) + Aw)[Lf ()] 7" f (), (25)

where s(u) is some function of v € R?, and 6 € RY is used when distinction is needed. We
can interpret (25) as

f(H[(0, —s(0))) = (u, =h(u))

with signed distance A(u). For sufficiently large n, such s(#) is uniquely defined for each 6,
because all the surfaces approach flat as n — oo. We denote (25) as

s = M(h,\).
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Lemma 3. Let s = M(h,\) forh e S, A€ S. If A\(u) is expressed as
Au) =~ Ao + Ajw; + Aijuu;

with \g = O(1), \i = O(n™1), \ij = O(n=3/2), then we have s € S with coefficients
50 = ho—Ao = O(1), 8i = hi—Ai—2X0hmi(hm—Am) = O, 857 = hij—Aij —2Xohmi i+
AN hpihomihi; = O(n™Y2), sijk = hijk — 220(hmihmje + P hmik + hmihmig) = O(n™1),
Sijkl = hijii = O(n=3/2). The four geometric quantities at (0, —s(0)) are v1(s,0) = si; =~
Y1 = Nii — 20072 + 4A573, 12(8,0) = 8i58i5 = Y2 — 4XoYs, 13(8,0) = 845865k = V3, Ya(s,0) =
Siijj = V4, where v; =v;(h,0), i=1,..., 4.
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5.1. Contour surfaces of bootstrap probability

We consider a surface on which the bootstrap probability remains constant. For H = R(h)

with h € §, we consider a function s(u) of u € R? satisfying
BP,2(H|(u,—s(u))) =1—a, ue€RI

meaning BP,2(H|y) = 1 — « is constant for any y € B(s). Then, B(s), as well as s itself,
will be called as the contour surface of the bootstrap probability of H with variance o2 > 0
at level 1 — . In particular, we choose « so that (0, \g — hg) € B(s) for a specified \g € R.

We denote this contour surface as

S = EUQ (h, )\0)



Lemma 4. Let s = L,2(h,\g) for h € S, A\g € R, and 0? > 0. Then, s is expressed as
s = M(h,\) by specifying A(u) =~ Ao + Aiu; + Aijusu; with Ao = O(1),

i = 0% (=3hmmi + 6X0hmibmi),  Aij = 02 (=6hmmi; + 2hmmhiihiy + 4hmihomihi;).  (26)
We have s € § with coefficients

so="ho— o,  Si = hi — 2X0hmhmi + 0% (3hmmi — 6X0hmihmis — 6X0RmiPmin),
Sij = hij — 2)\0hmzhmj + 4)\3hmlhmzhl] + 02(6hijmm - 2hmmhlzhlj - 4thlhmihlj)7 (27)
Sijk = Rijk — 220 (hmiPmje + PomjPmik + PmkPmij),  Sijki = Rijki-

The four geometric quantities of s at (0, —s(0)) are

(5,0) =~ 71 — 2 g2 + 4X373 + 02 (674 — 27172 — 473), (28)
0)

71
Y2(8,0) >~ y2 —4Xoys, 73(5,0) 23,  va(s,0) >~ 4,

where v; = v;(h,0), i =1,...,4.
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We denote the \(u) of (26) as A\y2(u) = \g — 02k(u) with

K(u) =y1(h,u) —71(h,0) — Ao(r2(h, u) — 2(h,0))
~ (Bhmmi — 6A0RmiPmii )i + (6Rmmi; — 2hmmhbiihyy — 4hamihomihig)uiu;. (29)

This also relates to (8) as (1/2)0%k(u)/Ou;0u;lo = P or (1/2)0* sz (u)/Ou;0uslg = —0?Bs.
The contour surface of BP,2(H|y) for 0 > 0 is expressed asymptotically as

Lo2(hy Ao) = M(h, Ay2),

0 — o2k(u)
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NBP ,(H | (u,~s(u))=1/2
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t=® '(NBP,(H ly))

NBP ,(H | (u,~s(u))=1/2
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sketch of the proof for PV

.

Contour surface of BP s = [ > (h, a) A
o B(s) = {(u,0) : v = —s(u)}
is defined by BP_.(H|y) = constant for any y € B(s)

additivity Eag (LU%(H’ a1)7 a2) = £O%+U% (H, ap + a2) /—a\

identity h = Lg(h, O)

inverse [,_21 5 a = £_O-2 Y, —a /\
Alha) = £ gl —a) y )

Consider contour surface of PV: PV(H|y) = constant for any y € B(s)

then unbiasedness requires BP,(R(s)|p) = constant for any p € B(h)

h = ,Cl(S, —>\0> :> S = »C—l(ha )\0>
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Thm: scaling-law of DBP

DBP2 2(Hly) ~1— & {507_1 — BT — BT — 53702}

! |DBPy, 2 (Hly)| ~ (8 — B = B2) — o

2
mean curvature of the mean curvature By = 10°y1(h, u)
g = ——

RO F B E -2 Oudu

0

Corollary: DBP is third-order accurate (k=3), DAU is fourth-order accurate (k=4)
PV(HIy) = 1— @6y — By — fo+

DBP = PV + O(n~3/2) DAU = PV + O(n"2)



sketch of the proof for DBP

S = £02 (h, )\0) contour surface of BP

DBPT2’U2 <H|y) =1— BPT2 (R(S)’ﬁ)

The proof completes by applying the asymptotic expansion of BP to R(s)
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Rejection probabilities of DBP and DAU

P(DBP,,2(H[Y) < a) = @[z, — (1 + 05

mean curvature of the mean curvature

DBP is third-order accurate (k=3) R R F

P(DBP(H|Y) < a) ~ Bz, — 283) = a + O(n~?)

DAU is fourth-order accurate (k=4)

P(DAU(H|Y) < a) ~ B(z,) = a

2 2 )
. - 10°h(u) 5 - 10°m(h,u)
1 — 5 3 — A
mean curvature of the surface mean curvature of the mean curvature
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Robustness to projection error

If  A(H|y) = (0, —h(0)) € 9H isreplaced by = (0,—h(0)) € 0H

a(Hly) H
DBP becomes

]ng)TQ,O.Q (Hly) ~ ® [607'_1 — BT — Bor® = Baro? — 1M1 + 02)/4,(9)}

- -1
k(w) = 1 (h,w) — 1 (h,0) — Mo (Y2 (h, u) — Y2(h, 0)) error = O(n1)

~ (3hmmi — 6A0Amibimii)wi + (6Rmmi; — 2hmmhiihi; — Ahamihomihy ) wiu;
Corollary: DBP becomes only second-order accurate (k=2), but
DAU keeps fourth-order accuracy (k=4)
DBP =DBP+0O(rn™")  DAU = DAU + O(n"2)
Efron and Tibshirani (1998) D #& & Shimodaira (2014)
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Summary and other issues

DAU = “DBP with m=-n"is proposed

The accuracy of BP is first order (k=1), AU is third-order (k=3), DBP is third-order
(k=3)

DAU is fourth-order accurate (k=4)

DAU is robust to the projection error (surprisingly, k=4)

Geometry of surfaces played important roles

Shimodaira (2008) showed another theory of AU using unusual asymptotic theory
of “nearly flat surfaces”

Shimodaira (2004) discussed deviation from the multivariate normal model, and
results for exponential family distributions are given there for multistep-AU

Future topics may be DAU for nearly flat surfaces, or for exponential family
distributions



