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Fig. 1 Incorporating higher order potentials for object segmentation.
(a) An image from the MSRC-21 dataset. (b), (c) and (d) Unsuper-
vised image segmentation results generated by using different para-
meters values in the mean-shift segmentation algorithm (Comaniciu
and Meer2002). (e) The object segmentation obtained using the unary
likelihood potentials from TextonBoost. (f) The result of performing
inference in the pairwise CRF deÞned in Sect.2. (g) Our segmentation

result obtained by augmenting the pairwise CRF with higher order
potentials deÞned on the segments shown in (b), (c) and (d). (h) The
rough hand labelled segmentations provided in the MSRC data set. It
can be clearly seen that the use of higher order potentials results in a
signiÞcant improvement in the segmentation result. For instance, the
branches of the tree are much better segmented

sell et al. (2006) this is not always the case and segments ob-
tained using unsupervised segmentation methods are often
wrong. To overcome these problems (Hoiem et al.2005b)
and (Russell et al.2006) use multiple segmentations of the
image (instead of only one) in the hope that although most
segmentations are bad, some are correct and thus would
prove useful for their task. They merge these multiple super-
pixels using heuristic algorithms which lack any optimality
guarantees and thus may produce bad results. In this paper
we propose an algorithm that can compute the solution of
the labelling problem (using features based on image seg-
ments) in a principled manner. Our approach couples po-
tential functions deÞned on sets of pixels with conventional
unary and pairwise cues using higher orderCRFs. We test
the performance of this method on the problem of object
segmentation and recognition. Our experiments show that
the results of our approach are signiÞcantly better than the
ones obtained using pairwiseCRF models (see Fig.1).

1.1 Object Segmentation and Recognition

Combined object segmentation and recognition is one of
the most challenging and fundamental problems in com-
puter vision. The last few years have seen the emergence
of object segmentation algorithms which integrateobject
speciÞctop-down information withimage basedlow-level
features (Borenstein and Malik2006; He et al. 2004;
Huang et al.2004; Kumar et al.2005; Levin and Weiss

2006). These methods have produced excellent results on
challenging data sets. However, they typically only deal
with one object at a time in the image independently and
do not provide a framework for understanding the whole
image. Further, their models become prohibitively large as
the number of classes increases. This prevents their appli-
cation to scenarios where segmentation and recognition of
many object classes is desired.

Shotton et al. (2006) recently proposed a method (Tex-
tonBoost) to overcome this problem. In contrast to using ex-
plicit models to encode object shape they used a boosted
combination oftextonfeatures which jointly modeled shape
and texture. They combine the result of textons with colour
and location based likelihood terms in a conditional random
Þeld (CRF). Although their method produced good segmen-
tation and recognition results, the rough shape and texture
model caused it to fail at object boundaries. The problem
of extracting accurate boundaries of objects is considerably
more challenging. In what follows we show that incorpora-
tion of higher order potentials deÞned on superpixels dra-
matically improves the object segmentation result. In partic-
ular, it leads to segmentations with much better deÞnition of
object boundaries as shown in Fig.1.

1.2 Higher Order CRFs

Higher order random Þelds are not new to computer vision.
They have been long used to model image textures (Lan et
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Fig. 1: (a) An example off ho whereK = 1 , c1,i = c0,i = 1 ( i ! V ), ! 1 = ! 0 = 1 , and
! max = 8 . The horizontal and vertical axes correspond to the index of parameters and
values of set functions, respectively. Red, Green, and Blue lines correspond to each lines
in Eq. (11), respectively. (b) Parameters sorted by the decreasing order. The horizontal
and vertical axes correspond to the sorted index and values of parameters, respectively.

Although the penalty" ho (! ) includes many hyper parameters (such asck
0, ck
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0 , ! k
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and! k

max ), it would be convenient to use the same value for! k
0 , ! k

0 , ! k
max for different

g ! Gand constant values for non-zero elements inck
0 andck

1, respectively, in practice.
We show an example of the higher order potential in Figure 1. As described in [1], the
Lov«asz extension of a submodular function withf (" ) = f (V ) = 0 has the sparsity
effects not only on the support of! but also on all sup-level set{ ! # #} (# ! R).1 A
necessary condition forS $ V to be inseparable for the functiong : A % f ho (S&A) '
f ho (S) is thatS is a set included in some unique groupgi . Thus," ho as a regularizer
has an effect to encourage the values of parameters in a group to be close.

4 Optimization

4.1 Proximity Operator via Minimum-Norm-Point Problem

From the deÞnition, the HOF penalty belongs to the class of the lower semicontinuous
convex function but is non-smooth. To attain a solution of the penalty, we deÞne the
proximity operator of" ho (! ) as:

min
! ! Rd

" ho (! ) +
1
2

( ö! ' ! ( 2
2, (13)

and we denote a solution of the proximity operatorprox!
ö! as! " . By plugging Eq. (6)

into Eq. (13), the proximity operator can be shown as the following minimization prob-

1 The higher order potentialf ho (S) can be always transformed by excluding the constant terms
! 0 and! 1 and by accordingly normalizingc0 andc1 respectively.

K. Takeuchi, Y. Kawahara & T. Iwata, ÒHigher order fused regularization for supervised learning 
with grouped parameters,Ó in Proc. of ECML-PKDDÕ15, pp.577-593, 2015.��

G_GwGoGŠGMG"�±FÝFÔ8pFû�jG	Fï�W��

FãFÖFÔFóFïG>GyGŠGeFû�µG�G�G�G_GwGoGŠGM
Fþ�ÍFÜ3ÆFßFúG�G�FéFÔ��



4:#Ý�[H�>ÌG0GyGRG]G2GlGŠ$SFþ�(8®��

>Þ>Ý��

¥! 3D+;#ì
@H�MRIH�G"#ÝFÔFöH��H*…Fþ$U"gFþ�(8®G"/œFÖH� 

 

 

 

 

¥! 3��
–�A�Ê"gG>GwGcFþ)��œ�G�N�ì8oG"F·F·>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì>Ì
�•FØFïG{GFGGGTG1GQG=�G�•G"#ÝFÔG�H���

H��� $U"gH
��

$U"gH� 
H�+;#ì
@H�>Ìx H���

H��[H� ADH�NC, MCICH�MCISH���

G{GFGGGTG1GQG=�G�•Fþ�†�»6õ�X�� �M+á�ì Fused�G�N�ì8o��

y��

H��ÆH��� H�7´H���
aij ��

min

w ! Rd ,c! R

n!

i =1

log(1 + exp(! yi (w " w i + c))) + ! 1|w | + ! 2

!

( i,j ) ! E

aij |wi ! wj |

B. Xin, Y. Kawahara, Y. Wang & W. Gao, ÒEfficient generalized fused Lasso with application to the diagnosis of 
AlzheimerÕs disease,Ó in Proc. of the 28th AAAI Conf. on Artificial Intelligence (AAAIÕ14), pp.2163-2169, 2014.��
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TABLE 2
ClassiÞcation accuracies(Acc.), sensitivities(Sens.) and speciÞcities(Spec.) by the algorithms to AD.

15ADNC 30ADNC 15MCI 30MCI

Acc. Sens. Spec. Acc. Sens. Spec. Acc. Sens. Spec. Acc. Sens. Spec.

SVM 82.71% 80.65% 84.51% 89.41% 75.76% 98.08% 67.38% 40.74%83.91% 82.05% 25.00%96.77%
MLDA 84.21% 84.51%83.87% 84.11%82.69% 86.36% 63.83%65.52% 61.11% 64.10% 58.06% 87.50%
LR 80.45% 74.19% 85.92% 87.06% 81.82% 90.38% 63.83% 50.00% 72.41% 79.49% 25.00% 93.55%
L1 81.20% 75.81% 85.92% 87.65% 78.79% 93.27% 68.79% 48.15% 81.61% 87.18% 50.00%96.77%
GSR 84.21% 80.65% 87.32% 88.82% 77.27% 96.15% 70.92% 50.00% 83.91% 89.74% 62.50% 96.77%

(a) fold 1 (b) fold 3 (c) fold 5 (d) fold 7 (e) fold 9 (f) overlap

Fig. 7. Consistency of selected voxels over different folds of the cross validation. The results of 5 different folds are shown in (a)-(e)
respectively and the overlapped voxels of all 10 folds are shown in (f). The top row illustrates results from GSR and the bottom row
illustrates results from l1. The percentage of the overlapped voxels are: GSR(66%) vs. l1(22%).

(a) ! 2 = 0 , 81.20% (b) ! 2 = 0 .1 80.45% (c) ! 2 = 0 .2, 80.45% (d) ! 2 = 0 .4, 81.95% (e) ! 2 = 0 .6, 84.21% (f) ! 2 = 0 .8, 83.46%

Fig. 8. Different levels of cohesion. We Þx! 1 and change ! 2 from left to right in an increasing order. The illustration is the selected
voxels by GSR applied to all data. The corresponding cross validation accuracies and ! 2Õs are given in each sub-caption.

over-Þtting the data.

In Figure 8, we demonstrate an interesting phe-
nomenon by changing ! 2 while ! 1 is Þxed. From Figure
8(a) to 8(d), we notice that as ! 2 increases, more voxels
are selected and the connection between voxels becomes
more obvious. However the additional voxels from one
to another are not randomly selected. They emerge along
the boundary of the former selected voxels. Meanwhile
separated voxels either disappear or be connected into
large regions. This is a desirable phenomenon, since for
clinical beneÞt, some regions of interest related to AD
are more important and realistic than separated voxels.
Also because of the increased classiÞcation accuracy, this
justiÞes the graph based cohesion behavior of GSR is

in consistence with the structure of critical voxels for
AD to some extent. Otherwise, a balance will have to
be made and the added voxels from one to another will
ends up a more scattered pattern. As is also expected, in
Figure 8(e) and 8(f), when much emphasis are made on
cohesion, useless or noisy voxels are probably selected
and the performance begin to decrease.

6 APPLICATION : B ACKGROUND SUBTRAC -
TION

Suppose we are given a sequence of training video
frames X ! RN ! d (d pixels) from a Þxed camera and
a test frame y ! Rd. We model y as a sparse linear com-
bination of N training frames (the background model),
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absence of results for ÒgenlassoÓ and ÒCVXÓ when the
data dimension is large. From Figure 5(b), we see that
our algorithm outperforms both existing algorithms and
scales to large size problems.

5 APPLICATION : THE DIAGNOSIS OF AD
In the diagnosis of AD, two fundamental issues are
AD/NC (Normal healthy Controls) classiÞcation and
MCI (Mild Cognitive Impairment) conversion predic-
tion, namely MCI C /MCI S classiÞcation. Let x i ! Rd,
be subjectÕs sMRI features andyi = { 0, 1} be subjectÕs
disease status (AD/NC or MCI C /MCI S). We propose to
use logistic regression loss and formulate the diagnosis
of AD as GSR in the following way

min
w ! Rd ,c! R

N!

i =1

log (1 + exp (" yi (w T x i + c))) + ! ! gsr (w).

(14)
We deÞne W as the adjacency matrix of the graph
illustrated in Figure 1. Problem (14) is an exact instance
of Problem (6), thus the proposed optimization in Section
4 can be directly applied.

Data. Data used in our experiments is obtained
from the AlzheimerÕs Disease Neuroimaging Initiative
(ADNI) database (adni.loni.ucla.edu). We split all base-
line data into 1.5T and 3.0T MRI scans datasets (named
15T and 30T). 62 AD patients, 71 NC and 141 MCI
patients (54 MCIC and 87 MCIS) are included in the 15T
dataset; 66 AD patients, 104 NC and 39 MCI patients (8
MCI C and 31 MCIS) are included in the 30T dataset.
Data preprocessing is done following DARTEL VBM
pipeline [53] as commonly done in the literature. 2,873
8# 8# 8 mm2 size voxels that have values greater than
0.2 in the mean grey matter (GM) population template
serve as the input features. We design experiments on all
four tasks, namely 15ADNC, 15MCI, 30ADNC, 30MCI.

Performance. 10-fold cross-validation evaluation is ap-
plied and classiÞcation accuracy for all tasks are sum-
marized in Table 2. Under the same experiment setup,
we compare GSR with logistic regression (LR), SVM,
sparse modeling (l1) and the ÒMLDAÓ model [31], which
applies a variant of Fisher Discriminant Analysis after
univariate feature selection. Based on the accuracy, GSR
outperforms LR, l1 and MLDA on each task and achieves
better results than SVM on most tasks. MCI tasks are
of more clinical importance and, in general, are more
challenging than ADNC tasks. Notice that GSR obtains
better performance gain in MCI tasks. These promising
results justify that by inducing graph-structured sparsity,
GSR captures useful information about AD.

Though on the same dataset, work are not strictly
comparable because of the difference in used samples.
Nevertheless, our results seem to be among the state-of-
the-art. In [54], their best performance on MCI tasks (
15T or 30T not clear) is 69.4% while our performance on
15T data can reach 70.92% and the result on 30T data
is 88.82%. In [30], 15T data is used, our performance on

(a) (b) (c)

Fig. 6. Compare GSR with l1. The top row illustrates selected
voxels in a 3d brain model, the mid row illustrates top 50 atro-
phied voxels, the bottom row illustrates a projection in one brain
slice. (a) GSR (best accuracy 84.21%); (b) l1 (best accuracy
81.20%); (c) l1 (similar voxel number as (a)).

ADNC tasks is comparable with or better than all theirs
(84.21% vs. 81-84%) and our performance on MCI tasks
is much better (70.92% vs. 65%).

Feature selection. For each task, we perform feature
selection using all data with the optimal parameters
selected by cross-validation. In Figure 6, the result of
15ADNC is used to illustrate the comparison with non-
structured sparsity ( i.e. l1). In the top row, we see that
selected voxels by GSR cluster into several spatially con-
nected regions while selected voxels by l1 scatter around.
In the mid row, we illustrate the voxels corresponding to
the top 50 negative wi Õs (indicating the most atrophied
voxels). We then project the most atrophied voxels onto a
slice. We see that the selected voxels of GSR are concen-
trated in Hippocampus, ParaHippocampal gyru (which
are believed to be early damaged regions). On the other
hand, l1 either selects less critical voxels or probably
selects noisy voxels not in early damaged regions, see
Figure 6(b) and 6(c) for an illustration.

To understand the behavior of GSR and l1, in Figure 7,
we illustrated the consistency of the most atrophied vox-
els in different folds of the cross validation. We see that
the selected voxels by GSR have highly consistent spatial
patterns. By comparing Figure 6 with Figure 7, we see
that the consistent voxels are also clinically meaningful,
as they correspond to the early damaged regions. On the
other hand, the selected voxels by l1 change much over
each fold of cross validation. This comparison is also
quantitatively justiÞed by the percentage of overlapped
voxels: GSR(66%) vs.l1(22%). The inconsistency of se-
lected voxels by l1 indicates that, rather than capturing
meaningful information of the diagnosis, it is probably

H��q,�H���

GFRFø� �XFþ
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absence of results for ÒgenlassoÓ and ÒCVXÓ when the
data dimension is large. From Figure 5(b), we see that
our algorithm outperforms both existing algorithms and
scales to large size problems.

5 APPLICATION : THE DIAGNOSIS OF AD
In the diagnosis of AD, two fundamental issues are
AD/NC (Normal healthy Controls) classiÞcation and
MCI (Mild Cognitive Impairment) conversion predic-
tion, namely MCI C /MCI S classiÞcation. Let x i ! Rd,
be subjectÕs sMRI features andyi = { 0, 1} be subjectÕs
disease status (AD/NC or MCI C /MCI S). We propose to
use logistic regression loss and formulate the diagnosis
of AD as GSR in the following way

min
w ! Rd ,c! R

N!

i =1

log (1 + exp (" yi (w T x i + c))) + ! ! gsr (w).

(14)
We deÞne W as the adjacency matrix of the graph
illustrated in Figure 1. Problem (14) is an exact instance
of Problem (6), thus the proposed optimization in Section
4 can be directly applied.

Data. Data used in our experiments is obtained
from the AlzheimerÕs Disease Neuroimaging Initiative
(ADNI) database (adni.loni.ucla.edu). We split all base-
line data into 1.5T and 3.0T MRI scans datasets (named
15T and 30T). 62 AD patients, 71 NC and 141 MCI
patients (54 MCIC and 87 MCIS) are included in the 15T
dataset; 66 AD patients, 104 NC and 39 MCI patients (8
MCI C and 31 MCIS) are included in the 30T dataset.
Data preprocessing is done following DARTEL VBM
pipeline [53] as commonly done in the literature. 2,873
8# 8# 8 mm2 size voxels that have values greater than
0.2 in the mean grey matter (GM) population template
serve as the input features. We design experiments on all
four tasks, namely 15ADNC, 15MCI, 30ADNC, 30MCI.

Performance. 10-fold cross-validation evaluation is ap-
plied and classiÞcation accuracy for all tasks are sum-
marized in Table 2. Under the same experiment setup,
we compare GSR with logistic regression (LR), SVM,
sparse modeling (l1) and the ÒMLDAÓ model [31], which
applies a variant of Fisher Discriminant Analysis after
univariate feature selection. Based on the accuracy, GSR
outperforms LR, l1 and MLDA on each task and achieves
better results than SVM on most tasks. MCI tasks are
of more clinical importance and, in general, are more
challenging than ADNC tasks. Notice that GSR obtains
better performance gain in MCI tasks. These promising
results justify that by inducing graph-structured sparsity,
GSR captures useful information about AD.

Though on the same dataset, work are not strictly
comparable because of the difference in used samples.
Nevertheless, our results seem to be among the state-of-
the-art. In [54], their best performance on MCI tasks (
15T or 30T not clear) is 69.4% while our performance on
15T data can reach 70.92% and the result on 30T data
is 88.82%. In [30], 15T data is used, our performance on

(a) (b) (c)

Fig. 6. Compare GSR with l1. The top row illustrates selected
voxels in a 3d brain model, the mid row illustrates top 50 atro-
phied voxels, the bottom row illustrates a projection in one brain
slice. (a) GSR (best accuracy 84.21%); (b) l1 (best accuracy
81.20%); (c) l1 (similar voxel number as (a)).

ADNC tasks is comparable with or better than all theirs
(84.21% vs. 81-84%) and our performance on MCI tasks
is much better (70.92% vs. 65%).

Feature selection. For each task, we perform feature
selection using all data with the optimal parameters
selected by cross-validation. In Figure 6, the result of
15ADNC is used to illustrate the comparison with non-
structured sparsity ( i.e. l1). In the top row, we see that
selected voxels by GSR cluster into several spatially con-
nected regions while selected voxels by l1 scatter around.
In the mid row, we illustrate the voxels corresponding to
the top 50 negative wi Õs (indicating the most atrophied
voxels). We then project the most atrophied voxels onto a
slice. We see that the selected voxels of GSR are concen-
trated in Hippocampus, ParaHippocampal gyru (which
are believed to be early damaged regions). On the other
hand, l1 either selects less critical voxels or probably
selects noisy voxels not in early damaged regions, see
Figure 6(b) and 6(c) for an illustration.

To understand the behavior of GSR and l1, in Figure 7,
we illustrated the consistency of the most atrophied vox-
els in different folds of the cross validation. We see that
the selected voxels by GSR have highly consistent spatial
patterns. By comparing Figure 6 with Figure 7, we see
that the consistent voxels are also clinically meaningful,
as they correspond to the early damaged regions. On the
other hand, the selected voxels by l1 change much over
each fold of cross validation. This comparison is also
quantitatively justiÞed by the percentage of overlapped
voxels: GSR(66%) vs.l1(22%). The inconsistency of se-
lected voxels by l1 indicates that, rather than capturing
meaningful information of the diagnosis, it is probably
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TABLE 2
ClassiÞcation accuracies(Acc.), sensitivities(Sens.) and speciÞcities(Spec.) by the algorithms to AD.

15ADNC 30ADNC 15MCI 30MCI

Acc. Sens. Spec. Acc. Sens. Spec. Acc. Sens. Spec. Acc. Sens. Spec.

SVM 82.71% 80.65% 84.51% 89.41% 75.76% 98.08% 67.38% 40.74%83.91% 82.05% 25.00%96.77%
MLDA 84.21% 84.51%83.87% 84.11%82.69% 86.36% 63.83%65.52% 61.11% 64.10% 58.06% 87.50%
LR 80.45% 74.19% 85.92% 87.06% 81.82% 90.38% 63.83% 50.00% 72.41% 79.49% 25.00% 93.55%
L1 81.20% 75.81% 85.92% 87.65% 78.79% 93.27% 68.79% 48.15% 81.61% 87.18% 50.00%96.77%
GFL 84.21% 80.65% 87.32% 88.82% 77.27% 96.15% 70.92% 50.00% 83.91% 89.74% 62.50% 96.77%

(a) fold 1 (b) fold 3 (c) fold 5 (d) fold 7 (e) fold 9 (f) overlap

Fig. 6. Consistency of selected voxels over different folds of the cross validation. The results of 5 different folds are shown in (a)-(e)
respectively and the overlapped voxels of all 10 folds are shown in (f). The top row illustrates results from GFL and the bottom row
illustrates results from l1. The percentage of the overlapped voxels are: GFL(66%) vs. l1(22%).

(a) ! 2 = 0 , 81.20% (b) ! 2 = 0 .1 80.45% (c) ! 2 = 0 .2, 80.45% (d) ! 2 = 0 .4, 81.95% (e) ! 2 = 0 .6, 84.21% (f) ! 2 = 0 .8, 83.46%

Fig. 7. Different levels of cohesion. We Þx! 1 and change ! 2 from left to right in an increasing order. The illustration is the selected
voxels by GFL applied to all data. The corresponding cross validation accuracies and ! 2Õs are given in each sub-caption.

priors, GFL captures useful information about AD.

Strictly speaking, it is hard to compare with other
reported works on the AD problem. This is because
different work usually selected different samples (due
to outlier removal). Nevertheless, we used as many
available samples as possible and our results still seem to
be among the state-of-the-art. For example, in [44], their
best performance on MCI tasks ( 15T or 30T not clear)
is 69.4% while our performance on 15T data can reach
70.92% and the result on 30T data is 88.82%. In [45],
15T data is used, our performance on ADNC tasks is
comparable with or better than all theirs (84.21% vs. 81-
84%) and our performance on MCI tasks is much better
(70.92% vs. 65%).

Feature selection. For each task, we perform feature
selection using all data with the optimal parameters
selected via cross-validation. In Figure 5, the result of
15ADNC is used to illustrate the comparison with non-
structured sparsity ( i.e. l1). In the top row, we see that
selected voxels by GFL cluster into several spatially con-
nected regions while selected voxels by l1 scatter around.
In the mid row, we illustrate the voxels corresponding to
the top 50 negative wi Õs (indicating the most atrophied
voxels). We then project the most atrophied voxels onto a
slice. We see that the selected voxels of GFL are concen-
trated in Hippocampus, ParaHippocampal gyru (which
are believed to be early damaged regions). On the other
hand, l1 either selects less critical voxels or probably

@Ú>Þ  �±��



�ŽGpGFGsGw6õ�XFû�öFõFß1Ÿ1=Fþ�<!lH�
Ì�VH���

¥! �ŽGpGFGsGw6õ�XFøFÔFÖ�M+á$×Fú�ß)�G�Fþ�pF÷1Ÿ1=FÜ�•+� 

�—! '�F»Fþ�S4�G" H�)+�M$×Fú�ß)�G�Fþ�pF÷�…FÖFãFøFÜF÷FÝG�H��q)

$×FûFÿH���/æFúFùG�
¹3û�ìF÷FÝG�H�H
 

�—! )��œFë�q4:�ì�(5�F÷1Ÿ1=FåG�FöFÝFïH��]F»Fú#.1=G�G0GyGBGx
GHGnFÜ�<#ÝF÷FÝG�H
 

 

¥! "IFû H��ŽGpGFGsGw6õ�XFÜG>GwGc/²#'�•+�Fú���œFûFÿH��Û*fFû��
FÖ�q4:�ìFÜ9×3ÿFû0£'ì�•+� FøFúG�H
��

>Þ>à��

Bû��



�q4:�ìFûFôFÔFö��

>Þ>á��

¥! �S4��G�N�ìF÷Fÿ H��¤�(�•+�Fú��6õ�XFø H��¤�(�Y�•+�Fú��6õ�X
Fþ�ôFÛG��BG�0Û�o6õ�XG"�q�`�ìFéG��²0[FÜFÒG�H� 

¥! �M+á$×FúG0GeG{GŠGOH� 

Bû 3Æ�K�Ù4Ä�2H��º�«�‰�¥�Œ�X�2H�ADMMH�FúFù 

     Bû 3Æ�K ‡'ì�ÊH�proximity operatorH�Fþ�o�Ÿ0£'ìFû�•%TH���

�¤�(�Y�•+�Fú ��6õ�X���¤�(�•+�Fú ��6õ�X��

prox! ! F,p
(u ) = arg min w ! Rd

1
2

! u " w ! 2
2 + ! á! F,p (w ) (u # Rd)

min
w ! Rd

l (w ) + ! á! F,p (w )



�q4:�ìFûFôFÔFö��

>Þ>â��

3Æ�K ‡'ì�ÊFþ0£'ìH� 
 

¥! G{G‚G/GŠGG�Ñ�GF÷/²FåG�G����œ 

    Bû �q�`G\GyGn!lG0GyGBGxGHGnF÷0£'ì�•+�  (Bach 10) 
 

¥! �M+áFþlpG\GyGnFþ���œ 

    Bû �(�mG0GyGBGxGHGn (Groenevelt 89) F÷0£'ì�•+�  
          (Obozinski & Bach 12) 
 

¥! F FÜG>GwGc/²#'�•+�Fú���œH��M+áFþlpG\GyGnH� 

    Bû G_GwGoGVGxGQG=G‰GcG{GŠ (Gallo+ 89) F÷0£'ì�•+�  
          (Mairal+11, Kawahara & Yamaguchi 15)��



3Æ�K ‡'ì�ÊFþ0£'ì��

              Fû6õFéG�3Æ�K ‡'ì�ÊFþ0£'ìFÿH��ŽGpGFGsGw�¨8��/�VFþ
�(7³��6õ�XFþ�q�`�ì G��•%TF÷FÝG� (Kawahara & Yamaguchi 15)H���

>Þ>ã��

! F,p (w )

min
w ! Rd

1
2

! u " w ! 2
2 + ! á! F,p (w ) = min

w ! Rd
max

t ! P+ (F )

1
2

! u " w ! 2
2 + !

!

i ! V

t1/r
i |wi |

= " min
t ! P+ (F )

!

i ! V

" min
wi ! R

"
1
2

(wi " ui )2 + ! t1/r
i |wi |

#

��6õ�X��

�ŽGpGFGsGw�¨8��/�VF÷Fþ�(7³�•+�Fú��6õ�XFþ�q�`�ì  
 
 

F FÜG>GwGc/²#'�•+�Fú���œH�G_GwGoGVGxGQG=�q�±�vG0GyGBGxGHGn
H�(Gallo+ 89)FúFùH�F÷9×3ÿFû0£'ìF÷FÝG���



G>GwGc/²#'�•+�Fú�ŽGpGFGsGw6õ�X��

/õ�“$×Fú3ã�•G\GŠGWG"�âFô>Ìs-t  �w�¥G>GwGcFþG9GQGV6õ�XFøFçFö/²#'
�•+�Fú�ŽGpGFGsGw6õ�X (Jegelka+,11H� 

Bû GcG{GŠ ‡'ìFûG�G�9×3ÿFú�q�`�ìFÜ�•+���

>Þ>ä��

F (S) = min
Y ! W

! ÷N ({ s} ! S ! Y ) + const .

s�� t ��

>Ý
>Þ

>ß

u1�� u2�� u3��

W>ÌH�3ã�•G\GŠGWH���

V��

s-t  �w�¥G>GwGc>Ì>Ì>Ì>Ì>Ì>ÌH���

�w�¥G>GwGcFþG9GQGV6õ�X��

÷N

�¨FßFþ�S4��G�N�ì8oG" 
�ZFØG��ŽGpGFGsGw6õ�X
FÿG>GwGc/²#'�•+� 
(Kawahara & Yamaguchi 15)��



�g*ƒH�>Ì3Æ�K ‡'ì�ÊFþ0£'ì�ì6ëFþ�š3Q�[��

3Æ�K ‡'ì�ÊFþ0£'ì�ì6ëFþ�š3Q�[H���

>Þ>å��

10
2

10
3

10
4

10
5

10
�ï��

10
0

10
2

10
4

 

 

PARA
SLEP
ADMM

!"
#$

%
&

'()
*%

+
,-

."#$/,"(/0'"12% d%&'()*
10

2
10

3
10

4
10

5
10

610
�ï��

10
�ï��

10
0

10
2

10
4

 

 

TT
MNP
PARA

!"
#$

%
&

'()
*%

+
,-

."#$/,"(/0'"12% d%&'()*

�M+á�ì)��œ�G�N�ì��

�M+á$×Fû#ÝFÔG�G�G�
�‘�¶G0GyGBGxGHGn��

G>GyGŠGe�º�G�N�ì*��

G_GwGoGVGxGQG=�q�±�vFû
G�G�9×3ÿG0GyGBGxGHGn��

0£
'ì
�ì
6ëH

�Log
H

�>Ì��

��
–H� Log GGG?GŠGyH���

0£
'ì
�ì
6ëH

�Log
H

�>Ì��

��
–H� Log GGG?GŠGyH���

*) PARAFøH�SLEPG‰ADMMFÿH�
²Fß� Fè$/�öG"�ZFØG��G�N�ìG"0£'ìFçFöFÔG�0ÂF÷FÿFúFÔ��



�•1n ‡FþGVGbGQG=��

�Ò�¥Fþ1n ‡F÷FÿH�MRFFøG9GQGV6õ�XH��ŽGpGFGsGw6õ�XH�FøFþ6õ�€Fû
�æ/²FåG�G�H��ŽGpGFGsGw6õ�XG"#ÝFÔFï�S4�$×�Û*fFûFôFÔFöH�"IFû  

¥! �ŽGpGFGsGw6õ�XFøH��S4�$×Fú�Û*fGpGUGyFøFþ6õ�€FÿH� 

¥! FãFþ6õ�€G"H�FùFþG�FÖFûFçFö�Û*fFû#ÝFÔG�FãFøFÜF÷FÝG�FþFÛH� 

FøFÔFÖ!lFû�@% FéG�H
FíFçFöH�FíFþ
½�/$×FúG0GeG{GŠGOFøFçFöFþ 

¥! FÂ�ŽGpGFGsGw6õ�XG"#ÝFÔFï�S4��G�N�ì�Û*fFÃ 

¥! FÂ�ŽGpGFGsGw6õ�XFÛG��“G�G�G�&�"á�(�xG"#ÝFÔFï�Û*fFÃ 

Fû!”!lG"FÒFöFö0ðG"4
G�G�H
 

>ß>Ü��



�ŽGpGFGsGw6õ�XFÛG��“G�G�G�&�"á�(�x��

�ŽGpGFGsGw6õ�XFÜ�âFô7³�S�S4�G"�<#ÝF÷FÝG�&�"á�(�xH��P�X�ŽGp
GFGsGw�(�xH��P�X
ƒGpGFGsGw�(�xH�H� 

 

 

 
¥! �¨FßFþ�S4�$×FúH�H��ÍGgG=GVGy�VFþH�&�"á�(�xG"�µG� 

¥! �ŽGpGFGsGw�q4:�ìFûG�G�� "á$×Fú0£'ìG��•%TF÷FÝG����œFÜFÒG���

>ß>Ý��

�ŽGpGFGsGw6õ�X��

�G0d�ì�€�XH��(4Ä6õ�XH�H���
Pr(S) =

1
Z

exp(± F (S)) Z =
!

S! V exp(± F (S))



�P�X
ƒGpGFGsGw�(�xFþ�[��
 

�P�X
ƒGpGFGsGw�(�xH� 
 

�[H�>ÌGzG<GsGwGŠFúMRF 

 

 

¥! �]�&FúG6G[GyG<GŠ�q�`�ìFÜ�•+�FúMRF 

¥! G�G��M+áFþ�ŽGpGFGsGw6õ�XG"#ÝFÔG�FãFøF÷H�9×7uFúMRFFúFùF÷
� �]Fþ�ß)�G�F÷�…FÖFãFøFÜF÷FÝG�H
��

>ß>Þ��

�ŽGpGFGsGw6õ�X��

Fþ���œ��F (S) =
!

( i,j ) ! E

{ aij : i ! S, j ! V \ S}

7„�K/œ�4Fþ0[(ò��

Pr(S) =
1
Z

exp(! F (S))



�P�X�ŽGpGFGsGw�(�xFþ�[��
 

�P�X�ŽGpGFGsGw�(�xH� 
 

�[H�>Ì/œ�4�'!l4#&ì  

 

 

¥! /œ�4�'!l4#&ì+¬�/Fÿ H��‚FßFÛG�%Ê'2FåG�G�7³�S�(�x (Macchi 75) H
 

¥! H��P�XH��ŽGpGFGsGw�(�xFøFçFöFþ�ö2AFøH�FíFþ�M+á�ìH��ŽGpGFGsGw
!l4#&ìH�Fþ1Ÿ1=FÿFäFß�q3Æ (Iyer & Bilmes 15) H
 

¥! /œ�4�'!l4#&ìFÿ H��µ�”�Û*fG�G��<#ÝFåG�G� (Klesuza & Tasker 13)H
 

>ß>ß��

F (S) = log |K S|

�ŽGpGFGsGw6õ�X��

Fþ���œ��
K S      Fÿ���G���Í/œ�4 >ÌK >ÌFþ 
S Fû�P�ÂFéG�4Š�(/œ�4��

Pr(S) =
1
Z

exp(F (S))



�P�X�ŽGpGFGsGw�(�xFþ�[��

/œ�4�'!l4#&ìFÿ H��µ�”�Û*fG�G��<#ÝFåG�G� (Klesuza & Tasker 13)H
 

��

>ß>à��

Figure 2: On the left, points are sampled randomly; on the right, repulsion between points
leads to the selection of a diverse set of locations.

Figure 3: On the left, the output of a human pose detector is noisy and uncertain; on the
right, applying diversity as a Þlter leads to a clean, separated set of predictions.

¥ An image search task, where we model human judgments of diversity for image sets
returned by Google Image Search (Section 5.3);

¥ A multiple pose estimation task, where we improve the detection of human poses in
images from television shows by incorporating a bias toward non-overlapping predictions
(Section 6.4);

¥ A news threading task, where we automatically extract timelines of important news
stories from a large corpus by balancing intra-timeline coherence with inter-timeline
diversity (Section 6.6.4).

1.2 Outline

In this paper we present general mathematical background on DPPs along with a range of
modeling extensions, e! cient algorithms, and theoretical results that aim to enable practical
modeling and learning. The material is organized as follows.

Section 2: Determinantal point processes. We begin with an introduction to deter-
minantal point processes tailored to the interests of the machine learning community. We
focus on discrete DPPs, emphasizing intuitions and including new, simpliÞed proofs for some
theoretical results. We provide descriptions of known e! cient inference algorithms, and
characterize their computational properties.
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Figure 12: A sample cluster from the DUC 2004 test set, with one of the four human
reference summaries and an (artiÞcial) extractive summary.

evaluation metrics like ROUGE, which we describe later, are mostly invariant to sentence
order.

We experiment with data from the multi-document summarization task (Task 2) of
the 2003 and 2004 Document Understanding Conference (DUC) [Dang, 2005]. The article
clusters used for these tasks are taken from the NIST TDT collection. Each cluster contains
approximately 10 articles drawn from the AP and New York Times newswires, and covers a
single topic over a short time span. The clusters have a mean length of approximately 250
sentences and 5800 words. The 2003 task, which we use for training, contains 30 clusters,
and the 2004 task, which is our test set, contains 50 clusters. Each cluster comes with four
reference human summaries (which are not necessarily formed by sentences from the original
articles) for evaluation purposes. Summaries are required to be at most 665 characters in
length, including spaces. Figure 12 depicts a sample cluster from the test set.

To measure performance on this task we follow the original evaluation and use ROUGE,
an automatic evaluation metric for summarization [Lin, 2004]. ROUGE measuresn-gram
overlap statistics between the human references and the summary being scored, and combines
them to produce various sub-metrics. ROUGE-1, for example, is a simple unigram recall
measure that has been shown to correlate quite well with human judgments [Lin, 2004].
Here, we use ROUGEÕs unigram F-measure (which combines ROUGE-1 with a measure of
precision) as our primary metric for development. We refer to this measure as ROUGE-1F.
We also report ROUGE-1P and ROUGE-1R (precision and recall, respectively) as well as
ROUGE-2F and ROUGE-SU4F, which include bigram match statistics and have also been
shown to correlate well with human judgments. Our implementation uses ROUGE version
1.5.5 with stemming turned on, but without stopword removal. These settings correspond
to those used for the actual DUC competitions [Dang, 2005]; however, we use a more recent
version of ROUGE.
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e" (F (X # A )" F (X ))

Pr(S = A | S ! [X, Y ]) =
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exp(" F (A)) / Z Y

X if A ! [X, Y ]
0 otherwise
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Scalable Variational Inference in Log-supermodular Models

(a) Original image. (b) BP(1, 10). (c) BP(0.1, 1). (d) BP(1, 1). (e) BP(0.1, 0.1). (f) HOP (1, 10).

(g) Ground truth. (h) DR (1, 10). (i) DR (0.1, 1). (j) DR (1, 1). (k) DR (0.1, 0.1). (l) HOP (1, 1).

Figure 2: Example marginals from the different approximation procedures for the original image (a) with ground truth
segmentation (g). For the results comparing BP and DR (b-e,h-k) we have used the same pairwise weights and weights.
The numbers in the parenthesis correspond to the constants by which the unaries and the prior are multiplied (i.e. to(! , " )
for the pairwise models and(! , #) for the higher-order model). Note how BP is overconÞdent, whereas our methods offer
marginals with much higher dynamic range.

fast convergence, for example BP can converge in 3
iterations, it takes about 45 seconds. Even though we
have set a relatively low number of iterations, the run-
ning times can be extremely slow if the methods do
not converge. For example, running mean-Þeld for 70
iterations can take more than 9 minutes.

¥ Our approach using only pairwise potentials (# = 0 ),
solved using the total variation Douglas-Rachford
(DR) code from (Barbero & Sra, 2011; 2014; Jegelka
et al., 2013). We ran for at most 100 iterations. The
inference takes typically less than a second.

¥ Our approach with higher order potentials (HOP) only
(" = 0) . The inference takes less than 13 seconds.

For every method we tested several variants using different
combinations for! , " , # and$ (exact numbers provided in
the appendix). Then, we performed a leave-one-out cross-
validation for estimating the average AUC. We have also
generated a sequence of 10 trimaps by growing the bound-
ary around the true foreground to estimate accuracy over
the hardest pixels, namely those at the boundary.

Accuracy. We Þrst wish to quantitatively compare the ac-
curacy of the approximate marginals. We report the aggre-
gate results in Figure3, and the ROC curves in Figure4.

Method Avg. AUC Std. Dev. Avg. AUCT Std. Dev.

HOP 0.9670 0.0549 0.9600 0.0608
DR 0.9568 0.0663 0.9465 0.0707
BP 0.9500 0.0636 0.9414 0.0791
MF 0.9500 0.0635 0.9441 0.0731
UNARY 0.9484 0.0658 0.9436 0.0736

Figure 3: Average scores of the methods estimated using
leave-one-out cross validation. TheAvg. AUCcolumn is
the average area under the ROC curve. TheAvg. AUCT
column reports the average of the mean AUC over the 10
trimaps. The second and the fourth columns are the stan-
dard deviation of the preceding columns.

We can clearly see that our approach outperforms the tra-
ditional inference methods for both objectives Ñ the AUC
over the whole image and over the challenging boundary
(trimaps). Sometimes we see very poor behavior of the al-
ternative methods, which can be attributed to either their
over-conÞdence (as veriÞed below), or the fact that they
optimize non-convex objectives and can fail to converge
within the given number of iterations. Lastly, capturing
high-order interactions leads to higher accuracy (in partic-
ular around the boundary) than pairwise potentials only.
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