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劣モジュラ関数による 
構造と学習の橋渡し： 
 

構造正則化, 確率的劣モジュラ	



劣モジュラ関数	

次式を満たす集合関数                   を 劣モジュラ関数 と呼ぶ： 
 

 
 

⇒ 集合関数における凸関数として捉えられる（ただし凹的な性質も持つ）	
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凸性（連続関数）	 劣モジュラ性（集合関数）	

自然に 
現れる構造	

対応する概念	

1	

2	
3	

4	 5	

6	 7	 部分集合	
実数値	

集合関数 V	

(S, T ✓ V )

[定義]	

F : 2V ! R

F (S) + F (T ) � F (S [ T ) + F (S \ T ) (8S, T ✓ V )

F (S) + F (T )  F (S \ T ) + F (S [ T )



補足） べき集合と特性ベクトル	
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例）マルコフ確率場と劣モジュラ性	

機械学習や統計分野などでよく用いられる構造的な確率モデル：	
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例）マルコフ確率場と劣モジュラ性	

MRFの最大事後確率（MAP）推定：	
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xi	 xj	

pairwise terms	 unary terms	

エネルギー最小化	

✓ij
k 番目の観測	

min
x2{0,1}V

X

i2V

✓i(xi) +
X

(i,j)2E

✓ij(xi, xj)
等価	



例）マルコフ確率場と劣モジュラ性	

•  １階エネルギー最小化： 

 
 

•  １階のエネルギー関数における劣モジュラ性： 

    （attractiveなイジング模型などはこの特殊ケース） 

•  劣モジュラな１階エネルギー関数最小化は効率的に解ける 
   ⇒ CVで用いられるグラフカット 
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⇒ 一般に「NP困難」	
min

x2{0,1}V

X

i2V

✓i(xi) +
X

(i,j)2E

✓ij(xi, xj)

✓ij(1, 0) + ✓ij(0, 1) � ✓ij(1, 1) + ✓ij(0, 0)

一種のスムースネス 
⇒ 物理的，応用的に 
     妥当な仮定	



例）マルコフ確率場と劣モジュラ性	

劣モジュラ関数は，グラフ上の隣接構造よりもさらにリッチな表現
が可能（ピクセル間の平滑性 ⇒ スーパーピクセル内の平滑性）．	
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xi	 xj	

✓ij

この場合でも，（一般化された）グラフカットで高速に解ける 
⇒ より一般にどういう分布を用いて学習に用いることができるのか？	

Int J Comput Vis (2009) 82: 302–324 303

Fig. 1 Incorporating higher order potentials for object segmentation.
(a) An image from the MSRC-21 dataset. (b), (c) and (d) Unsuper-
vised image segmentation results generated by using different para-
meters values in the mean-shift segmentation algorithm (Comaniciu
and Meer 2002). (e) The object segmentation obtained using the unary
likelihood potentials from TextonBoost. (f) The result of performing
inference in the pairwise CRF defined in Sect. 2. (g) Our segmentation

result obtained by augmenting the pairwise CRF with higher order
potentials defined on the segments shown in (b), (c) and (d). (h) The
rough hand labelled segmentations provided in the MSRC data set. It
can be clearly seen that the use of higher order potentials results in a
significant improvement in the segmentation result. For instance, the
branches of the tree are much better segmented

sell et al. (2006) this is not always the case and segments ob-
tained using unsupervised segmentation methods are often
wrong. To overcome these problems (Hoiem et al. 2005b)
and (Russell et al. 2006) use multiple segmentations of the
image (instead of only one) in the hope that although most
segmentations are bad, some are correct and thus would
prove useful for their task. They merge these multiple super-
pixels using heuristic algorithms which lack any optimality
guarantees and thus may produce bad results. In this paper
we propose an algorithm that can compute the solution of
the labelling problem (using features based on image seg-
ments) in a principled manner. Our approach couples po-
tential functions defined on sets of pixels with conventional
unary and pairwise cues using higher order CRFs. We test
the performance of this method on the problem of object
segmentation and recognition. Our experiments show that
the results of our approach are significantly better than the
ones obtained using pairwise CRF models (see Fig. 1).

1.1 Object Segmentation and Recognition

Combined object segmentation and recognition is one of
the most challenging and fundamental problems in com-
puter vision. The last few years have seen the emergence
of object segmentation algorithms which integrate object
specific top-down information with image based low-level
features (Borenstein and Malik 2006; He et al. 2004;
Huang et al. 2004; Kumar et al. 2005; Levin and Weiss

2006). These methods have produced excellent results on
challenging data sets. However, they typically only deal
with one object at a time in the image independently and
do not provide a framework for understanding the whole
image. Further, their models become prohibitively large as
the number of classes increases. This prevents their appli-
cation to scenarios where segmentation and recognition of
many object classes is desired.

Shotton et al. (2006) recently proposed a method (Tex-
tonBoost) to overcome this problem. In contrast to using ex-
plicit models to encode object shape they used a boosted
combination of texton features which jointly modeled shape
and texture. They combine the result of textons with colour
and location based likelihood terms in a conditional random
field (CRF). Although their method produced good segmen-
tation and recognition results, the rough shape and texture
model caused it to fail at object boundaries. The problem
of extracting accurate boundaries of objects is considerably
more challenging. In what follows we show that incorpora-
tion of higher order potentials defined on superpixels dra-
matically improves the object segmentation result. In partic-
ular, it leads to segmentations with much better definition of
object boundaries as shown in Fig. 1.

1.2 Higher Order CRFs

Higher order random fields are not new to computer vision.
They have been long used to model image textures (Lan et

スーパーピクセルの平滑性	
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(Kohli+ 09) より	
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本講演のトピック	

今日の講演では，MRFとカット関数（劣モジュラ関数）との関係に
代表される，劣モジュラ関数を用いた構造的学習について，特に 

•  劣モジュラ関数と，構造的な学習モデルとの関係は？ 

•  この関係を，どのようにして学習に用いることができるのか？ 

という点に注目する．そして，その具体的なアプローチとしての 

•  「劣モジュラ関数を用いた構造正則化学習」 

•  「劣モジュラ関数から得られる確率分布を用いた学習」 

に焦点をあてて話を進める． 
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正則化とスパース性	

9	

l2-正則化（p = 2）：	

損失関数値の
等位集合	

w1	

w2	

w1	

w2	

解が軸に乗りやすいため，
疎な解が得られやすい	

l1-正則化（p = 1）：	

min
w2Rd

l(w) + � · kwkpplpノルムによる正則化：	



構造正則化	

正則化の考え方を拡張して，既知の構造的関係に近づくように，
パラメータが推定されるような正則化項を設計して加える： 
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グラフ構造	
グループ構造	

階層構造	

Sparsity patterns induced for L(w) + � ⌦(w)

Lasso: ⌦(w) =
P

i |wi |

Group Lasso (Yuan and Lin, 2006): ⌦(w) =
P

g2G kwgk

Group Lasso when groups overlap: ⌦(w) =
P

g2G kwgk

The support obtained is

An intersection of the complements of the groups set to 0 (cf. Jenatton et al.
(2009))

Not a union of groups

Sparsity tutorial II, ECML 2010, Barcelona 36/69

その他，有向グ
ラフ上のパスや，
２次元グリッド
上でのブロック
構造など．	

min
w2Rd

l(w) + � · ⌦(w)

こういった変数間の組合せ的
構造を正則化項として組込む 

損失関数	

構造正則化項	



構造正則化の例	

これまでに様々なタイプの構造正則化が提案され応用されてきた： 
•  グループ lasso (Yuan & Lin 07) 
-  与えたグループ単位でスパース性が得られる正則化．グループを階

層的に構成した階層的 lasso (Jenatton+ 11) や，DAG上のパスを形成
するよう構成したパス・コーディング (Mairal & Yu 13) などの拡張がある． 

•  （隠れ）グループ lasso (Jacob+ 09) 
-  与えたグループの補集合単位でのスパース性が得られる正則化．グ

ラフ上で隣接する２変数をグループとする`グラフ lasso’も含まれる． 

•  結合 lasso (Tibshirani+ 05), 一般化結合 lasso (Tibshirani & Taylor 11) 
-  グラフ上で隣接するノードに対応する２変数の値が近くなるようなス

パース性が得られる正則化．ハイパーグラフを用いた高階の場合へ
の拡張 (Takeuchi+ 15) などがある． 

− その他にも，種々の応用中の構造に対する正則化が提案されている． 
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劣モジュラ関数を用いた正則化	

•  近年，多くの構造的スパース性が，劣モジュラ関数（の緩和）を
正則化として用いて得られることが指摘される (Bach 10, 11)．	
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グラフ構造	
グループ構造	

階層構造	

Sparsity patterns induced for L(w) + � ⌦(w)

Lasso: ⌦(w) =
P

i |wi |

Group Lasso (Yuan and Lin, 2006): ⌦(w) =
P

g2G kwgk

Group Lasso when groups overlap: ⌦(w) =
P

g2G kwgk

The support obtained is

An intersection of the complements of the groups set to 0 (cf. Jenatton et al.
(2009))

Not a union of groups

Sparsity tutorial II, ECML 2010, Barcelona 36/69

その他，有向グ
ラフ上のパスや，
２次元グリッド
上でのブロック
構造など．	

min
w2Rd

l(w) + � · ⌦(w)

劣モジュラ関数の連続緩和 損失関数	

構造正則化項	



劣モジュラ関数に基づく議論の利点	

•  劣モジュラ関数という一般的な枠組みの中で議論が可能 
-  種々の構造を，統一的な枠組みの中で扱うことができる（最終

的には，実装なども共通化できる）． 
-  組合せ最適化分野で議論されてきた，様々な理論やアルゴリ

ズムが利用できる． 
 

•  特に，劣モジュラ関数がグラフ表現可能な場合には，学習に伴
う最適化が高速に計算可能となる．	
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⇒	



例） 結合正則化	

一般化結合（generalized fused）正則化 (Tibshirani & Taylor 11)： 
各変数に対応するノードを持つ（有向）グラフ G=(E, V) 上で，隣接する
変数の値が近くなるような正則化．	
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隣接する変数に関する
係数が近い値になる	

隣接行列の要素	=
	 （等価）	

カット関数のl∞ノルムによる緩和（ロヴァース拡張）	

⌦F,1(w) =
X

(i,j)2E

aij |wi � wj |

一階エネルギー関数におけるスムースネスを課すのと等価	

F (S) =
X

(i,j)2E

{aij : i 2 S, j 2 V \ S}



例） 結合正則化	

数値例： 左図のような値のパラメータβを用いて，y ＝ Xβ＋ε（ノイ
ズ）のようにデータを生成.* 中図： ラッソによる推定．右図： ２次元格子
状グラフを用いた一般化結合正則化（＋l1項）による推定．	
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真のパラメータ	

*) 訓練データは80サンプル．ノイズは標準偏差0.05のガウス雑音． 
   正則化パラメータは5-fold CVにより選択．	

ラッソによる推定	 一般化結合正則化
による推定	



例） グループ型の正則化	

グループ型の正則化： 
変数上に，グループ構造    （各要素が V の部分集合）が与えられたときに，
各グループ内の変数が同時にゼロになりやすくなるような正則化．	
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G
Sparsity patterns induced for L(w) + � ⌦(w)

Lasso: ⌦(w) =
P

i |wi |

Group Lasso (Yuan and Lin, 2006): ⌦(w) =
P

g2G kwgk

Group Lasso when groups overlap: ⌦(w) =
P

g2G kwgk

The support obtained is

An intersection of the complements of the groups set to 0 (cf. Jenatton et al.
(2009))

Not a union of groups

Sparsity tutorial II, ECML 2010, Barcelona 36/69

グループ内のものは同時に 
ゼロになりやすい．	

被覆関数のlpノルムによる緩和：	

グループへの重み	

（ほぼ等価）	

F (S) =
X

{dg : g 2 G, g \ S 6= ;}

⇡

⌦F,p(w) =
X

g2G
dgkwgkp

(グループ正則化 (Yuan & Lin 07))	



例） グループ型の正則化	

数値例： グループは 1〜3, 2〜6, 5〜9, 8〜12, … のように設定．	
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の計算例*	

*) u は（−1,＋1）でランダムに生成  　　　　　，　　　　　　　　　　 ．	

minw ku�wk+ �
1

|w|+ �
2

⌦
group

(w)

�1 = �2 = 0.3d̄g = 2
0 10 20 30 40 01

0.5

0

0.5

1
u

w*

5

(a)

(b)



劣モジュラ関数のlpノルムを用いた凸緩和	
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lpノルムと，w のサポート上の単調劣モジュラ関数 F から成る関数 
 
 

のタイトな斉次凸下界（ただし，                    ）： 

 
 

例）                     の場合：	

h(w) =
1

p
kwkpp +

1

r
F (supp(w))

⌦̃F,p(w) = sup
s2RV

w>s such that	 ksSkrr  F (S) (8S ✓ V )

1/p+ 1/r = 1

w1	w1	

w2	 w2	

F	
l2	

F (S) = |S|1/2
(Obozinski & Bach 12)	



劣モジュラ関数から得られる構造正則化	

劣モジュラ関数から得られる構造正則化の例： 
•  グループ型の正則化 
-  グループlasso (Yuan & Lin 07) と同様のスパース性が，被覆関数

の緩和により得られる (Obozinski & Bach 12)．この拡張として，階
層的構造 (Jenatton+ 11) や，DAG上のパスを形成するパス正則
化 (Mairal & Yu 13) などの拡張が提案されている． 

•  結合 lasso (Tibshirani+ 05), 一般化結合 lasso (Tibshirani & Taylor 11) 

-  無向グラフのカット関数のロヴァース拡張として得られる(Bach 11)．
ハイパーグラフを用いた高階への拡張 (Takeuchi+ 15) や，有向グ
ラフを用いた拡張 (Bo+, in press) などがある． 

•  その他の正則化 
-  スケールフリー・ネットワーク正則化 (Defazio & Caetano 12) など． 

19	



高階結合正則化	
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•  与えたグループ内（eg. 商品カテゴリ）のパラメータのとる値が，
一致しやすくなるような正則化を用いる： 

 ⌦
ho

(�) =
X

g2G

0

@
X

i2{j1,...,js�1}

(�i � �js)c
k
1,i + �js(✓

k
max

� ✓k
1

) + �jt(✓
k
0

� ✓k
max

) +
X

i2{jt+1,...,jd}

(�jt � �i)c
k
0,i

1

A

β をソートしたときの索引	
このあたりは色々とパラメータ	VI

1 s t d
i

0
✓
1

= ✓
0
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✓
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✓
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✓
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✓
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(a) values of the set functions

1 s t d
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0.5

1.0

1.5

2.0

2.5

3.0

�
j i

�js

�jt

�ji

(b) parameters sorted by the decreasing order

Fig. 1: (a) An example of f
ho

where K = 1, c
1,i

= c
0,i

= 1 (i 2 V ), ✓
1

= ✓
0

= 1, and
✓
max

= 8. The horizontal and vertical axes correspond to the index of parameters and
values of set functions, respectively. Red, Green, and Blue lines correspond to each lines
in Eq. (11), respectively. (b) Parameters sorted by the decreasing order. The horizontal
and vertical axes correspond to the sorted index and values of parameters, respectively.

Although the penalty ⌦
ho

(�) includes many hyper parameters (such as c

k

0

, ck
1

, ✓k
0

, ✓k
1

and ✓k
max

), it would be convenient to use the same value for ✓k
0

, ✓k
0

, ✓k
max

for different
g 2 G and constant values for non-zero elements in c

k

0

and c

k

1

, respectively, in practice.
We show an example of the higher order potential in Figure 1. As described in [1], the
Lovász extension of a submodular function with f(;) = f(V ) = 0 has the sparsity
effects not only on the support of � but also on all sup-level set {� � ↵} (↵ 2 R).1 A
necessary condition for S ✓ V to be inseparable for the function g : A ! f

ho

(S[A)�
f
ho

(S) is that S is a set included in some unique group g
i

. Thus, ⌦
ho

as a regularizer
has an effect to encourage the values of parameters in a group to be close.

4 Optimization

4.1 Proximity Operator via Minimum-Norm-Point Problem

From the definition, the HOF penalty belongs to the class of the lower semicontinuous
convex function but is non-smooth. To attain a solution of the penalty, we define the
proximity operator of ⌦

ho

(�) as:

min

�2Rd
⌦

ho

(�) +

1

2

k ˆ� � �k2
2

, (13)

and we denote a solution of the proximity operator prox
⌦

ˆ

� as �⇤. By plugging Eq. (6)
into Eq. (13), the proximity operator can be shown as the following minimization prob-

1 The higher order potential f
ho

(S) can be always transformed by excluding the constant terms
✓0 and ✓1 and by accordingly normalizing c0 and c1 respectively.

K. Takeuchi, Y. Kawahara & T. Iwata, “Higher order fused regularization for supervised learning 
with grouped parameters,” in Proc. of ECML-PKDD’15, pp.577-593, 2015.	

パラメータを大きい順に並べた図	

こういったグループに含まれるパラメータ
の値が近くなりやすい	



適用例： アルツハイマー病の分類	
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•  3D脳画像（MRI）を用いて，患者の症状の分類を行う： 
 

 

 

 
•  3次元格子状グラフの結合正則化項を　　                           

加えたロジスティック回帰を用いる：	

？	 症状１	

症状２ 
（脳画像： x ）	

（例： AD／NC, MCIC／MCIS）	

ロジスティック回帰の損失関数	 一般化Fused正則化項	

y	

（易）	 （難）	
aij	

min

w2Rd,c2R

nX

i=1

log(1 + exp(�yi(w
>wi + c))) + �1|w|+ �2

X

(i,j)2E

aij |wi � wj |

B. Xin, Y. Kawahara, Y. Wang & W. Gao, “Efficient generalized fused Lasso with application to the diagnosis of 
Alzheimer’s disease,” in Proc. of the 28th AAAI Conf. on Artificial Intelligence (AAAI’14), pp.2163-2169, 2014.	



適用例： アルツハイマー病の分類	
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•  データ：Alzheimer’s Disease Neuroimaging Initiative (ANDI) database 
1.5T MRI (62 AD, 71 NC, 54 MCIC, 87 MCIS)，および 3.0T MRI (66 AD, 104 ND, 8 MCIC, 
31 MCIS) スキャンデータから構成． 
 

•  前処理：DARTEL VBM pipeline*)を適用し，0.2より大きいGMから成る
2873個の8mm立方のボクセルを使用． 

(10-CV平均の) 分類精度（Acc），感度（Sens），特異度（Spec）の比較： 

なお最近の医療画像解析分野で報告された方法のMCI分類性能は69.4% (B.Cheng+,12) 

*) J. Ashburner et al., “A fast diffeomorphic image registration algorithm,” Neuroimage 38(1): 95-113, 2007. 
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TABLE 2
Classification accuracies(Acc.), sensitivities(Sens.) and specificities(Spec.) by the algorithms to AD.

15ADNC 30ADNC 15MCI 30MCI

Acc. Sens. Spec. Acc. Sens. Spec. Acc. Sens. Spec. Acc. Sens. Spec.

SVM 82.71% 80.65% 84.51% 89.41% 75.76% 98.08% 67.38% 40.74% 83.91% 82.05% 25.00% 96.77%
MLDA 84.21% 84.51% 83.87% 84.11% 82.69% 86.36% 63.83% 65.52% 61.11% 64.10% 58.06% 87.50%
LR 80.45% 74.19% 85.92% 87.06% 81.82% 90.38% 63.83% 50.00% 72.41% 79.49% 25.00% 93.55%
L1 81.20% 75.81% 85.92% 87.65% 78.79% 93.27% 68.79% 48.15% 81.61% 87.18% 50.00% 96.77%
GSR 84.21% 80.65% 87.32% 88.82% 77.27% 96.15% 70.92% 50.00% 83.91% 89.74% 62.50% 96.77%

(a) fold 1 (b) fold 3 (c) fold 5 (d) fold 7 (e) fold 9 (f) overlap

Fig. 7. Consistency of selected voxels over different folds of the cross validation. The results of 5 different folds are shown in (a)-(e)
respectively and the overlapped voxels of all 10 folds are shown in (f). The top row illustrates results from GSR and the bottom row
illustrates results from l1. The percentage of the overlapped voxels are: GSR(66%) vs. l1(22%).

(a) �2 = 0, 81.20% (b) �2 = 0.1 80.45% (c) �2 = 0.2, 80.45% (d) �2 = 0.4, 81.95% (e) �2 = 0.6, 84.21% (f) �2 = 0.8, 83.46%

Fig. 8. Different levels of cohesion. We fix �1 and change �2 from left to right in an increasing order. The illustration is the selected
voxels by GSR applied to all data. The corresponding cross validation accuracies and �2’s are given in each sub-caption.

over-fitting the data.
In Figure 8, we demonstrate an interesting phe-

nomenon by changing �2 while �1 is fixed. From Figure
8(a) to 8(d), we notice that as �2 increases, more voxels
are selected and the connection between voxels becomes
more obvious. However the additional voxels from one
to another are not randomly selected. They emerge along
the boundary of the former selected voxels. Meanwhile
separated voxels either disappear or be connected into
large regions. This is a desirable phenomenon, since for
clinical benefit, some regions of interest related to AD
are more important and realistic than separated voxels.
Also because of the increased classification accuracy, this
justifies the graph based cohesion behavior of GSR is

in consistence with the structure of critical voxels for
AD to some extent. Otherwise, a balance will have to
be made and the added voxels from one to another will
ends up a more scattered pattern. As is also expected, in
Figure 8(e) and 8(f), when much emphasis are made on
cohesion, useless or noisy voxels are probably selected
and the performance begin to decrease.

6 APPLICATION: BACKGROUND SUBTRAC-
TION
Suppose we are given a sequence of training video
frames X 2 RN⇥d (d pixels) from a fixed camera and
a test frame y 2 Rd. We model y as a sparse linear com-
bination of N training frames (the background model),



適用例： アルツハイマー病の分類	
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•  各スパース手法で（全データ10-CVにより）選択された脳部位（変数）： 

•  異なる一般化Fused項の程度と選択された脳部位：	

構造なし（Lasso）	 構造あり（GFL）	
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absence of results for “genlasso” and “CVX” when the
data dimension is large. From Figure 5(b), we see that
our algorithm outperforms both existing algorithms and
scales to large size problems.

5 APPLICATION: THE DIAGNOSIS OF AD
In the diagnosis of AD, two fundamental issues are
AD/NC (Normal healthy Controls) classification and
MCI (Mild Cognitive Impairment) conversion predic-
tion, namely MCIC/MCIS classification. Let xi 2 Rd,
be subject’s sMRI features and yi = {0, 1} be subject’s
disease status (AD/NC or MCIC/MCIS). We propose to
use logistic regression loss and formulate the diagnosis
of AD as GSR in the following way

min

w2Rd,c2R

NX

i=1

log (1 + exp (�yi(w
T
xi + c))) + �⌦gsr(w).

(14)
We define W as the adjacency matrix of the graph
illustrated in Figure 1. Problem (14) is an exact instance
of Problem (6), thus the proposed optimization in Section
4 can be directly applied.

Data. Data used in our experiments is obtained
from the Alzheimer’s Disease Neuroimaging Initiative
(ADNI) database (adni.loni.ucla.edu). We split all base-
line data into 1.5T and 3.0T MRI scans datasets (named
15T and 30T). 62 AD patients, 71 NC and 141 MCI
patients (54 MCIC and 87 MCIS) are included in the 15T
dataset; 66 AD patients, 104 NC and 39 MCI patients (8
MCIC and 31 MCIS) are included in the 30T dataset.
Data preprocessing is done following DARTEL VBM
pipeline [53] as commonly done in the literature. 2,873
8⇥8⇥8 mm2 size voxels that have values greater than
0.2 in the mean grey matter (GM) population template
serve as the input features. We design experiments on all
four tasks, namely 15ADNC, 15MCI, 30ADNC, 30MCI.

Performance. 10-fold cross-validation evaluation is ap-
plied and classification accuracy for all tasks are sum-
marized in Table 2. Under the same experiment setup,
we compare GSR with logistic regression (LR), SVM,
sparse modeling (l1) and the “MLDA” model [31], which
applies a variant of Fisher Discriminant Analysis after
univariate feature selection. Based on the accuracy, GSR
outperforms LR, l1 and MLDA on each task and achieves
better results than SVM on most tasks. MCI tasks are
of more clinical importance and, in general, are more
challenging than ADNC tasks. Notice that GSR obtains
better performance gain in MCI tasks. These promising
results justify that by inducing graph-structured sparsity,
GSR captures useful information about AD.

Though on the same dataset, work are not strictly
comparable because of the difference in used samples.
Nevertheless, our results seem to be among the state-of-
the-art. In [54], their best performance on MCI tasks (
15T or 30T not clear) is 69.4% while our performance on
15T data can reach 70.92% and the result on 30T data
is 88.82%. In [30], 15T data is used, our performance on

(a) (b) (c)

Fig. 6. Compare GSR with l1. The top row illustrates selected
voxels in a 3d brain model, the mid row illustrates top 50 atro-
phied voxels, the bottom row illustrates a projection in one brain
slice. (a) GSR (best accuracy 84.21%); (b) l1 (best accuracy
81.20%); (c) l1 (similar voxel number as (a)).

ADNC tasks is comparable with or better than all theirs
(84.21% vs. 81-84%) and our performance on MCI tasks
is much better (70.92% vs. 65%).

Feature selection. For each task, we perform feature
selection using all data with the optimal parameters
selected by cross-validation. In Figure 6, the result of
15ADNC is used to illustrate the comparison with non-
structured sparsity (i.e. l1). In the top row, we see that
selected voxels by GSR cluster into several spatially con-
nected regions while selected voxels by l1 scatter around.
In the mid row, we illustrate the voxels corresponding to
the top 50 negative wi’s (indicating the most atrophied
voxels). We then project the most atrophied voxels onto a
slice. We see that the selected voxels of GSR are concen-
trated in Hippocampus, ParaHippocampal gyru (which
are believed to be early damaged regions). On the other
hand, l1 either selects less critical voxels or probably
selects noisy voxels not in early damaged regions, see
Figure 6(b) and 6(c) for an illustration.

To understand the behavior of GSR and l1, in Figure 7,
we illustrated the consistency of the most atrophied vox-
els in different folds of the cross validation. We see that
the selected voxels by GSR have highly consistent spatial
patterns. By comparing Figure 6 with Figure 7, we see
that the consistent voxels are also clinically meaningful,
as they correspond to the early damaged regions. On the
other hand, the selected voxels by l1 change much over
each fold of cross validation. This comparison is also
quantitatively justified by the percentage of overlapped
voxels: GSR(66%) vs. l1(22%). The inconsistency of se-
lected voxels by l1 indicates that, rather than capturing
meaningful information of the diagnosis, it is probably

（最良）	

GFRと同数の
特徴数の場合	
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absence of results for “genlasso” and “CVX” when the
data dimension is large. From Figure 5(b), we see that
our algorithm outperforms both existing algorithms and
scales to large size problems.

5 APPLICATION: THE DIAGNOSIS OF AD
In the diagnosis of AD, two fundamental issues are
AD/NC (Normal healthy Controls) classification and
MCI (Mild Cognitive Impairment) conversion predic-
tion, namely MCIC/MCIS classification. Let xi 2 Rd,
be subject’s sMRI features and yi = {0, 1} be subject’s
disease status (AD/NC or MCIC/MCIS). We propose to
use logistic regression loss and formulate the diagnosis
of AD as GSR in the following way

min

w2Rd,c2R

NX

i=1

log (1 + exp (�yi(w
T
xi + c))) + �⌦gsr(w).

(14)
We define W as the adjacency matrix of the graph
illustrated in Figure 1. Problem (14) is an exact instance
of Problem (6), thus the proposed optimization in Section
4 can be directly applied.

Data. Data used in our experiments is obtained
from the Alzheimer’s Disease Neuroimaging Initiative
(ADNI) database (adni.loni.ucla.edu). We split all base-
line data into 1.5T and 3.0T MRI scans datasets (named
15T and 30T). 62 AD patients, 71 NC and 141 MCI
patients (54 MCIC and 87 MCIS) are included in the 15T
dataset; 66 AD patients, 104 NC and 39 MCI patients (8
MCIC and 31 MCIS) are included in the 30T dataset.
Data preprocessing is done following DARTEL VBM
pipeline [53] as commonly done in the literature. 2,873
8⇥8⇥8 mm2 size voxels that have values greater than
0.2 in the mean grey matter (GM) population template
serve as the input features. We design experiments on all
four tasks, namely 15ADNC, 15MCI, 30ADNC, 30MCI.

Performance. 10-fold cross-validation evaluation is ap-
plied and classification accuracy for all tasks are sum-
marized in Table 2. Under the same experiment setup,
we compare GSR with logistic regression (LR), SVM,
sparse modeling (l1) and the “MLDA” model [31], which
applies a variant of Fisher Discriminant Analysis after
univariate feature selection. Based on the accuracy, GSR
outperforms LR, l1 and MLDA on each task and achieves
better results than SVM on most tasks. MCI tasks are
of more clinical importance and, in general, are more
challenging than ADNC tasks. Notice that GSR obtains
better performance gain in MCI tasks. These promising
results justify that by inducing graph-structured sparsity,
GSR captures useful information about AD.

Though on the same dataset, work are not strictly
comparable because of the difference in used samples.
Nevertheless, our results seem to be among the state-of-
the-art. In [54], their best performance on MCI tasks (
15T or 30T not clear) is 69.4% while our performance on
15T data can reach 70.92% and the result on 30T data
is 88.82%. In [30], 15T data is used, our performance on

(a) (b) (c)

Fig. 6. Compare GSR with l1. The top row illustrates selected
voxels in a 3d brain model, the mid row illustrates top 50 atro-
phied voxels, the bottom row illustrates a projection in one brain
slice. (a) GSR (best accuracy 84.21%); (b) l1 (best accuracy
81.20%); (c) l1 (similar voxel number as (a)).

ADNC tasks is comparable with or better than all theirs
(84.21% vs. 81-84%) and our performance on MCI tasks
is much better (70.92% vs. 65%).

Feature selection. For each task, we perform feature
selection using all data with the optimal parameters
selected by cross-validation. In Figure 6, the result of
15ADNC is used to illustrate the comparison with non-
structured sparsity (i.e. l1). In the top row, we see that
selected voxels by GSR cluster into several spatially con-
nected regions while selected voxels by l1 scatter around.
In the mid row, we illustrate the voxels corresponding to
the top 50 negative wi’s (indicating the most atrophied
voxels). We then project the most atrophied voxels onto a
slice. We see that the selected voxels of GSR are concen-
trated in Hippocampus, ParaHippocampal gyru (which
are believed to be early damaged regions). On the other
hand, l1 either selects less critical voxels or probably
selects noisy voxels not in early damaged regions, see
Figure 6(b) and 6(c) for an illustration.

To understand the behavior of GSR and l1, in Figure 7,
we illustrated the consistency of the most atrophied vox-
els in different folds of the cross validation. We see that
the selected voxels by GSR have highly consistent spatial
patterns. By comparing Figure 6 with Figure 7, we see
that the consistent voxels are also clinically meaningful,
as they correspond to the early damaged regions. On the
other hand, the selected voxels by l1 change much over
each fold of cross validation. This comparison is also
quantitatively justified by the percentage of overlapped
voxels: GSR(66%) vs. l1(22%). The inconsistency of se-
lected voxels by l1 indicates that, rather than capturing
meaningful information of the diagnosis, it is probably

Top50の特徴	
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TABLE 2
Classification accuracies(Acc.), sensitivities(Sens.) and specificities(Spec.) by the algorithms to AD.

15ADNC 30ADNC 15MCI 30MCI

Acc. Sens. Spec. Acc. Sens. Spec. Acc. Sens. Spec. Acc. Sens. Spec.

SVM 82.71% 80.65% 84.51% 89.41% 75.76% 98.08% 67.38% 40.74% 83.91% 82.05% 25.00% 96.77%
MLDA 84.21% 84.51% 83.87% 84.11% 82.69% 86.36% 63.83% 65.52% 61.11% 64.10% 58.06% 87.50%
LR 80.45% 74.19% 85.92% 87.06% 81.82% 90.38% 63.83% 50.00% 72.41% 79.49% 25.00% 93.55%
L1 81.20% 75.81% 85.92% 87.65% 78.79% 93.27% 68.79% 48.15% 81.61% 87.18% 50.00% 96.77%
GFL 84.21% 80.65% 87.32% 88.82% 77.27% 96.15% 70.92% 50.00% 83.91% 89.74% 62.50% 96.77%

(a) fold 1 (b) fold 3 (c) fold 5 (d) fold 7 (e) fold 9 (f) overlap

Fig. 6. Consistency of selected voxels over different folds of the cross validation. The results of 5 different folds are shown in (a)-(e)
respectively and the overlapped voxels of all 10 folds are shown in (f). The top row illustrates results from GFL and the bottom row
illustrates results from l1. The percentage of the overlapped voxels are: GFL(66%) vs. l1(22%).

(a) �2 = 0, 81.20% (b) �2 = 0.1 80.45% (c) �2 = 0.2, 80.45% (d) �2 = 0.4, 81.95% (e) �2 = 0.6, 84.21% (f) �2 = 0.8, 83.46%

Fig. 7. Different levels of cohesion. We fix �1 and change �2 from left to right in an increasing order. The illustration is the selected
voxels by GFL applied to all data. The corresponding cross validation accuracies and �2’s are given in each sub-caption.

priors, GFL captures useful information about AD.
Strictly speaking, it is hard to compare with other

reported works on the AD problem. This is because
different work usually selected different samples (due
to outlier removal). Nevertheless, we used as many
available samples as possible and our results still seem to
be among the state-of-the-art. For example, in [44], their
best performance on MCI tasks ( 15T or 30T not clear)
is 69.4% while our performance on 15T data can reach
70.92% and the result on 30T data is 88.82%. In [45],
15T data is used, our performance on ADNC tasks is
comparable with or better than all theirs (84.21% vs. 81-
84%) and our performance on MCI tasks is much better
(70.92% vs. 65%).

Feature selection. For each task, we perform feature
selection using all data with the optimal parameters
selected via cross-validation. In Figure 5, the result of
15ADNC is used to illustrate the comparison with non-
structured sparsity (i.e. l1). In the top row, we see that
selected voxels by GFL cluster into several spatially con-
nected regions while selected voxels by l1 scatter around.
In the mid row, we illustrate the voxels corresponding to
the top 50 negative wi’s (indicating the most atrophied
voxels). We then project the most atrophied voxels onto a
slice. We see that the selected voxels of GFL are concen-
trated in Hippocampus, ParaHippocampal gyru (which
are believed to be early damaged regions). On the other
hand, l1 either selects less critical voxels or probably

λ2  大	



劣モジュラ関数に基づく議論の利点（再掲）	

•  劣モジュラ関数という一般的な枠組みの中で議論が可能 
-  種々の構造を，統一的な枠組みの中で扱うことができる（最終

的には，実装なども共通化できる）． 
-  組合せ最適化分野で議論されてきた，様々な理論やアルゴリ

ズムが利用できる． 
 

•  特に，劣モジュラ関数がグラフ表現可能な場合には，学習に伴
う最適化が高速に計算可能となる．	
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⇒	



最適化について	

25	

•  構造正則化では，微分可能な凸関数と，微分不可能な凸関数
の和から成る評価関数を最小化する必要がある： 

•  一般的なアプローチ： 
⇒ 近接勾配法，交互方向乗数法（ADMM）など 
     ⇒ 近接演算子（proximity operator）の反復計算に帰着：	

微分不可能な凸関数	微分可能な凸関数	

prox�⌦F,p
(u) = argminw2Rd

1

2

ku�wk22 + � · ⌦F,p(w) (u 2 Rd
)

min
w2Rd

l(w) + � · ⌦F,p(w)



最適化について	
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近接演算子の計算： 
 

•  ロヴァース拡張で表される場合 

    ⇒ 最小ノルム点アルゴリズムで計算可能 (Bach 10) 
 

•  一般のlpノルムの場合 

    ⇒ 分割アルゴリズム (Groenevelt 89) で計算可能 
          (Obozinski & Bach 12) 
 

•  F がグラフ表現可能な場合（一般のlpノルム） 

    ⇒ パラメトリック・フロー (Gallo+ 89) で計算可能 
          (Mairal+11, Kawahara & Yamaguchi 15)	



近接演算子の計算	

              に関する近接演算子の計算は，劣モジュラ多面体上の
分離凸関数の最小化へ帰着できる (Kawahara & Yamaguchi 15)：	
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⌦F,p(w)

min

w2Rd

1

2

ku�wk22 + � · ⌦F,p(w) = min

w2Rd
max

t2P+(F )

1

2

ku�wk22 + �
X

i2V

t1/ri |wi|

= � min

t2P+(F )

X

i2V

� min

wi2R

⇢
1

2

(wi � ui)
2
+ �t1/ri |wi|

�

凸関数	

劣モジュラ多面体上での分離可能な凸関数の最小化 
 
 

F がグラフ表現可能な場合，パラメトリック最大流アルゴリズム
（(Gallo+ 89)など）で高速に計算できる	



グラフ表現可能な劣モジュラ関数	

補助的な追加ノードを持つ s-t 有向グラフのカット関数として表現
可能な劣モジュラ関数 (Jegelka+,11） 

⇒ フロー演算による高速な最小化が可能	
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F (S) = min

Y✓W
Ñ ({s} [ S [ Y ) + const.

s	 t	

1

2

3

u1	 u2	 u3	

W （追加ノード）	

V	

s-t 有向グラフ      ：	

有向グラフのカット関数	

Ñ

多くの構造正則化項を 
与える劣モジュラ関数
はグラフ表現可能 
(Kawahara & Yamaguchi 15)	



参考） 近接演算子の計算時間の比較例	

近接演算子の計算時間の比較例：	
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*) PARAと，SLEP・ADMMは，全く同じ疎性を与える正則化を計算している訳ではない	



本講演のトピック	

今日の講演では，MRFとカット関数（劣モジュラ関数）との関係に
代表される，劣モジュラ関数を用いた構造的学習について，特に 

•  劣モジュラ関数と，構造的な学習モデルとの関係は？ 

•  この関係を，どのようにして学習に用いることができるのか？ 

という点に注目する．そして，その具体的なアプローチとしての 

•  「劣モジュラ関数を用いた構造正則化学習」 

•  「劣モジュラ関数から得られる確率分布を用いた学習」 

に焦点をあてて話を進める． 
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劣モジュラ関数から得られる確率分布	

劣モジュラ関数が持つ離散構造を利用できる確率分布（対数劣モ
ジュラ分布，対数優モジュラ分布）： 

 

 

 
•  多くの構造的な（２値ベクトル上の）確率分布を含む 

•  劣モジュラ最適化による効率的な計算へ帰着できる場合がある	
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劣モジュラ関数	

正規化係数（分配関数）：	
Pr(S) =

1

Z exp(±F (S)) Z =

P
S✓V exp(±F (S))



対数優モジュラ分布の例	
 

対数優モジュラ分布： 
 

例） レギュラーなMRF 

 

 

•  厳密なエネルギー最小化が可能なMRF 

•  より一般の劣モジュラ関数を用いることで，高階なMRFなどで
同様の枠組みで扱うことができる．	
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劣モジュラ関数	

の場合	F (S) =
X

(i,j)2E

{aij : i 2 S, j 2 V \ S}

隣接行列の要素	

Pr(S) =
1

Z exp(�F (S))



対数劣モジュラ分布の例	
 

対数劣モジュラ分布： 
 

例） 行列式点過程 

 

 

•  行列式点過程自体は，古くから研究される離散分布 (Macchi 75) ． 

•  （対数）劣モジュラ分布としての性質と，その一般化（劣モジュラ
点過程）の議論はごく最近 (Iyer & Bilmes 15) ． 

•  行列式点過程は，機械学習へも利用される (Klesuza & Tasker 13)． 
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F (S) = log |KS |

劣モジュラ関数	

の場合	
KS      は半正定値行列 K の 
S に対応する部分行列	

Pr(S) =
1

Z exp(F (S))



対数劣モジュラ分布の例	

行列式点過程は，機械学習へも利用される (Klesuza & Tasker 13)． 
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Figure 2: On the left, points are sampled randomly; on the right, repulsion between points
leads to the selection of a diverse set of locations.

Figure 3: On the left, the output of a human pose detector is noisy and uncertain; on the
right, applying diversity as a filter leads to a clean, separated set of predictions.

• An image search task, where we model human judgments of diversity for image sets
returned by Google Image Search (Section 5.3);

• A multiple pose estimation task, where we improve the detection of human poses in
images from television shows by incorporating a bias toward non-overlapping predictions
(Section 6.4);

• A news threading task, where we automatically extract timelines of important news
stories from a large corpus by balancing intra-timeline coherence with inter-timeline
diversity (Section 6.6.4).

1.2 Outline

In this paper we present general mathematical background on DPPs along with a range of
modeling extensions, e�cient algorithms, and theoretical results that aim to enable practical
modeling and learning. The material is organized as follows.

Section 2: Determinantal point processes. We begin with an introduction to deter-
minantal point processes tailored to the interests of the machine learning community. We
focus on discrete DPPs, emphasizing intuitions and including new, simplified proofs for some
theoretical results. We provide descriptions of known e�cient inference algorithms, and
characterize their computational properties.
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ランダムなサンプル：X	
Pr(Y = S|X)
/ det(LS(X))

条件付き分布から
のサンプル	

Lij = qi(X)�i(X)>�j(X)qj(X)
カーネル	

Diverse	

の価値（given）	i 2 V



対数劣モジュラ分布の例	

行列式点過程は，機械学習へも利用される (Klesuza & Tasker 13)． 
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Figure 12: A sample cluster from the DUC 2004 test set, with one of the four human
reference summaries and an (artificial) extractive summary.

evaluation metrics like ROUGE, which we describe later, are mostly invariant to sentence
order.

We experiment with data from the multi-document summarization task (Task 2) of
the 2003 and 2004 Document Understanding Conference (DUC) [Dang, 2005]. The article
clusters used for these tasks are taken from the NIST TDT collection. Each cluster contains
approximately 10 articles drawn from the AP and New York Times newswires, and covers a
single topic over a short time span. The clusters have a mean length of approximately 250
sentences and 5800 words. The 2003 task, which we use for training, contains 30 clusters,
and the 2004 task, which is our test set, contains 50 clusters. Each cluster comes with four
reference human summaries (which are not necessarily formed by sentences from the original
articles) for evaluation purposes. Summaries are required to be at most 665 characters in
length, including spaces. Figure 12 depicts a sample cluster from the test set.

To measure performance on this task we follow the original evaluation and use ROUGE,
an automatic evaluation metric for summarization [Lin, 2004]. ROUGE measures n-gram
overlap statistics between the human references and the summary being scored, and combines
them to produce various sub-metrics. ROUGE-1, for example, is a simple unigram recall
measure that has been shown to correlate quite well with human judgments [Lin, 2004].
Here, we use ROUGE’s unigram F-measure (which combines ROUGE-1 with a measure of
precision) as our primary metric for development. We refer to this measure as ROUGE-1F.
We also report ROUGE-1P and ROUGE-1R (precision and recall, respectively) as well as
ROUGE-2F and ROUGE-SU4F, which include bigram match statistics and have also been
shown to correlate well with human judgments. Our implementation uses ROUGE version
1.5.5 with stemming turned on, but without stopword removal. These settings correspond
to those used for the actual DUC competitions [Dang, 2005]; however, we use a more recent
version of ROUGE.
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ランダムなサンプル：X	

Pr(Y = S|X)
/ det(LS(X))

多様性のある要約	



推論と分配関数	

周辺化計算： 
 
 
 
 

条件付き確率： 
 
 
 
⇒ 推論計算では，分配関数の計算が必要になる 
⇒ 分配関数の計算は#P困難（近似は困難） 
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Pr(S 2 [X,Y ]) =

1

Z
X

X✓A✓Y

exp(�F (A)) = e�F (X)ZY
X

Z

[X,Y ] = {A | X ✓ A ✓ Y }ただし，                                           ，	ZY
X =

X

A✓Y \X

e�(F (X[A)�F (X))

Pr(S = A |S 2 [X,Y ]) =

(
exp(�F (A))/ZY

X if A 2 [X,Y ]

0 otherwise



変分法によるアプローチ	

•  モジュラ関数は，分配関数が厳密に計算可能 
 

分配関数に関する有用な性質： 

 モジュラ関数 l ，u に対して，                                               なら 
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l ，u としては劣勾配・優勾配が利用可能	

l(S)  F (S)  u(S) (8S ✓ V )
X

S✓V

exp(+l(S)) 
X

S✓V

exp(+F (S)) 
X

S✓V

exp(+u(S))

X

S✓V

exp(�l(S)) �
X

S✓V

exp(�F (S)) �
X

S✓V

exp(�u(S))

・	

・	

上と下から，モジュラ関数の分配関数でおさえられる	



凸関数の劣勾配	
 

凸関数 f の劣勾配：	
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f	

w	

@f(w)

…
	
…

	

…
	
…

	

@f(w) = {g | f(u) � f(w) + (u�w)>g} (8u 2 Rd)



劣モジュラ関数の劣勾配	

劣モジュラ関数に対しても劣勾配（モジュラ関数）が定義できる：	

39	

x1	

x2	

| V |=2の場合の
概念図	

@F (;)
@F ({1})

@F ({2})
@F ({1, 2})

@F (X) = {s 2 Rd | F (Y ) � F (X) + s(Y )� s(X), 8Y ✓ V }

0	

F ({1})

F ({2})

x1 + x2 = F ({1, 2})



変分法によるアプローチ （再掲）	

•  モジュラ関数は，分配関数が厳密に計算可能 
 

分配関数に関する有用な性質： 

   モジュラ関数 l ，u に対して， 
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l(S)  F (S)  u(S) (8S ✓ V )
X

S✓V

exp(+l(S)) 
X

S✓V

exp(+F (S)) 
X

S✓V

exp(+u(S))

X

S✓V

exp(�l(S)) �
X

S✓V

exp(�F (S)) �
X

S✓V

exp(�u(S))

・	

・	

上と下から，モジュラ関数の分配関数でおさえられる	

l ，u としては優勾配・劣勾配が利用可能	



変分法によるアプローチ（劣勾配）	

劣勾配                を用いると，任意の           に対して     
 

 

 

ただし，次の関係が知られている (Djolonga & Krause 14)：	
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min
s2@F (;)

Z�
; (s)  min

s2@F (X)
Z�

X(s)

s 2 @F (X)

(Z =)

X

S✓V

exp(�F (S)) 
X

S✓V

exp (�s(S) + s(X)� F (X))

X ✓ V

つまり，            のときが最も良い上界を与える	

Z�
X(s)

X = ;



最小ノルム点問題との関係	
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min

s2B(F )

X

i2V

log(1 + e�si
)min

s2@F (;)
Z�

; (s)

優モジュラ分布の
分配関数の上界	 等価 

(Djolonga & Krause 14)	

基多面体上での分離強凸最小化	

等価 
(Nagano & Aihara 13)	

min
s2B(F )

X

i2V

s2i

最小ノルム点アルゴリズム 
(Fujishige+ 06) が適用可能 
（現時点では，実用的に最も高速な
（一般の）劣モジュラ関数の最小化
アルゴリズム）	

最小ノルム点問題	



平均場近似との関係	
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Renyiダイバージェンス最小化	

min

s2B(F )

X

i2V

log(1 + e�si
)min

s2@F (;)
Z�

; (s)

優モジュラ分布の
分配関数の上界	 等価 

(Djolonga & Krause 14)	

基多面体上での分離強凸最小化	

（強）双対 
(Djolonga & Krause 15)	

L-fields	

独立なベルヌーイ確率変数のエントロピー	

等価 

min
Q

D1(P ||Q)
✓
D1(P ||Q) = log sup

S✓V

P (S)

Q(S)

◆
max

q2[0,1]V
H[q]� ˆF (q)

F̂ (q) = sup
s2B(F )

s>q

P (S) =
1

Zp
exp(�F (S)) Q(S) =

1

Zq
exp(�q(S))，	



平均場近似との関係	
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Renyiダイバージェンス最小化	

min

s2B(F )

X

i2V

log(1 + e�si
)min

s2@F (;)
Z�

; (s)

優モジュラ分布の
分配関数の上界	 等価 

(Djolonga & Krause 14)	

基多面体上での分離強凸最小化	

（強）双対 
(Djolonga & Krause 15)	

L-fields	

独立なベルヌーイ確率変数のエントロピー	

等価 

min
Q

D1(P ||Q)
✓
D1(P ||Q) = log sup

S✓V

P (S)

Q(S)

◆
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q2[0,1]V
H[q]� ˆF (q)

F̂ (q) = sup
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s>q
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min
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DKL(P ||Q)
等価 KLの最小化	
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H[q]� Eq[F ]
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X

S✓V

Y
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i (1� qi)
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平均場近似との関係	
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Renyiダイバージェンス最小化	

min

s2B(F )

X

i2V

log(1 + e�si
)min

s2@F (;)
Z�

; (s)

優モジュラ分布の
分配関数の上界	 等価 

(Djolonga & Krause 14)	

基多面体上での分離強凸最小化	

⇒                 に基づいた期待値伝搬法などの設計も可能となる	

（強）双対 
(Djolonga & Krause 15)	

L-fields	

独立なベルヌーイ確率変数のエントロピー	

等価 

min
Q

D1(P ||Q)
✓
D1(P ||Q) = log sup

S✓V

P (S)

Q(S)

◆
max

q2[0,1]V
H[q]� ˆF (q)

F̂ (q) = sup
s2B(F )

s>q

D1(P ||Q)



変分法によるアプローチ （再掲）	

•  モジュラ関数は，分配関数が厳密に計算可能 
 

分配関数に関する有用な性質： 

   モジュラ関数 l ，u に対して， 
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l(S)  F (S)  u(S) (8S ✓ V )
X

S✓V

exp(+l(S)) 
X

S✓V

exp(+F (S)) 
X

S✓V

exp(+u(S))

X

S✓V

exp(�l(S)) �
X

S✓V

exp(�F (S)) �
X

S✓V

exp(�u(S))

・	

・	

上と下から，モジュラ関数の分配関数でおさえられる	

l ，u としては優勾配・劣勾配が利用可能	



変分法によるアプローチ （再掲）	

•  モジュラ関数は，分配関数が厳密に計算可能 
 

分配関数に関する有用な性質： 

   モジュラ関数 l ，u に対して， 
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l(S)  F (S)  u(S) (8S ✓ V )
X

S✓V

exp(+l(S)) 
X

S✓V

exp(+F (S)) 
X

S✓V

exp(+u(S))

X

S✓V

exp(�l(S)) �
X

S✓V

exp(�F (S)) �
X

S✓V

exp(�u(S))

・	

・	

上と下から，モジュラ関数の分配関数でおさえられる	

⇒ 劣モジュラ関数の最小化を何回か計算すれば最適化できる	



L-fieldの適用例 (Kjolonga & Krause 15)	
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Scalable Variational Inference in Log-supermodular Models

(a) Original image. (b) BP (1, 10). (c) BP (0.1, 1). (d) BP (1, 1). (e) BP (0.1, 0.1). (f) HOP (1, 10).

(g) Ground truth. (h) DR (1, 10). (i) DR (0.1, 1). (j) DR (1, 1). (k) DR (0.1, 0.1). (l) HOP (1, 1).

Figure 2: Example marginals from the different approximation procedures for the original image (a) with ground truth
segmentation (g). For the results comparing BP and DR (b-e,h-k) we have used the same pairwise weights and weights.
The numbers in the parenthesis correspond to the constants by which the unaries and the prior are multiplied (i.e. to (↵,�)
for the pairwise models and (↵, �) for the higher-order model). Note how BP is overconfident, whereas our methods offer
marginals with much higher dynamic range.

fast convergence, for example BP can converge in 3
iterations, it takes about 45 seconds. Even though we
have set a relatively low number of iterations, the run-
ning times can be extremely slow if the methods do
not converge. For example, running mean-field for 70
iterations can take more than 9 minutes.

• Our approach using only pairwise potentials (� = 0),
solved using the total variation Douglas-Rachford
(DR) code from (Barbero & Sra, 2011; 2014; Jegelka
et al., 2013). We ran for at most 100 iterations. The
inference takes typically less than a second.

• Our approach with higher order potentials (HOP) only
(� = 0). The inference takes less than 13 seconds.

For every method we tested several variants using different
combinations for ↵,�, � and ✓ (exact numbers provided in
the appendix). Then, we performed a leave-one-out cross-
validation for estimating the average AUC. We have also
generated a sequence of 10 trimaps by growing the bound-
ary around the true foreground to estimate accuracy over
the hardest pixels, namely those at the boundary.

Accuracy. We first wish to quantitatively compare the ac-
curacy of the approximate marginals. We report the aggre-
gate results in Figure 3, and the ROC curves in Figure 4.

Method Avg. AUC Std. Dev. Avg. AUCT Std. Dev.

HOP 0.9670 0.0549 0.9600 0.0608
DR 0.9568 0.0663 0.9465 0.0707
BP 0.9500 0.0636 0.9414 0.0791
MF 0.9500 0.0635 0.9441 0.0731
UNARY 0.9484 0.0658 0.9436 0.0736

Figure 3: Average scores of the methods estimated using
leave-one-out cross validation. The Avg. AUC column is
the average area under the ROC curve. The Avg. AUCT
column reports the average of the mean AUC over the 10
trimaps. The second and the fourth columns are the stan-
dard deviation of the preceding columns.

We can clearly see that our approach outperforms the tra-
ditional inference methods for both objectives — the AUC
over the whole image and over the challenging boundary
(trimaps). Sometimes we see very poor behavior of the al-
ternative methods, which can be attributed to either their
over-confidence (as verified below), or the fact that they
optimize non-convex objectives and can fail to converge
within the given number of iterations. Lastly, capturing
high-order interactions leads to higher accuracy (in partic-
ular around the boundary) than pairwise potentials only.



関連する論文	

•  対数優モジュラ分布のMAP推定とその変分法による最適化 
(Djolonga & Krause 14)． 

•  対数優モジュラ分布，対数劣モジュラ分布上での近似推論の
ためのMCMC（ギブス・サンプリングなど） (Gotovos+ 15) 

•  上記のダイバージェンス的な解釈，期待値伝搬法や分散化な
どによる大規模化 (Djolonga & Krause 15)． 

•  行列式点過程の対数優モジュラ分布としての定式化と推論 
(Iyer & Bilmes 14)． 

•  上記の劣モジュラ点過程としての一般化や，分配関数の近似
率 (Iyer & Bilmes 15)．	
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まとめ	

•  劣モジュラ関数と，構造的な学習モデルとの関係に着目し， 

-  劣モジュラ関数の緩和を用いた構造正則化とその最適化 
-  劣モジュラ関数から得られる確率分布を用いた推論と，従来か

らある概念との関係 
    を中心に紹介した． 

•  劣モジュラ関数を用いた構造正則化については下記も参考になる． 
•  F. Bach, “Learning with submodular function: A convex optimization 

perspective,” Foundations and Trends in ML, 6(2-3): 145-373, 2013. 
•  河原吉伸，永野清仁, “劣モジュラ最適化と機械学習,” 講談社, 2015． 
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