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What is Optimal Transport?

A geometric toolbox to
compare probability measures
supported on a metric space.
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Why is it relevant to ML?

- New geometry for statistical modeling
- Information geometry is crucial in stats.
- That geometry is often KL (e.g. MLE).

- New algorithms to study histogram data
- Bags-of-features are everywhere.

- Knowledge on these features is often
known but not used.



Why now?

- Key results in maths since ’95~

- [McCann’95], [JKO’98], | Benamou’98|,
|Ambrosio’06], [Villani’03/°09]

- More work in CV/TCS/Graphics since '98~

- Earth Mover’s Distance |[Rubner’98]|,
Embeddings [Indyk,03] GO gle "earth mover"

Scholar

- Longstanding roadblock: computation

- Regularization [C.’13] can provide the key
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Outline

- Definitions: The Wasserstein Distances
- Fast computations with regularization

- Wasserstein variational problems
- barycenters
- dictionary learning

- PCA

- minimum Kantorovich estimation
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Definitions: Couplings & Wasserstein

Assume (€2, D) is a probability space
endowed with a metric.

For u,v probability measures in P(£2),

II(p, v) dﬁf{P c Pl x| VA, B C (),

P(A x Q) = p(A),
P(Q x B) = v(B)}
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Couplings




Wasserstein Distance

Def. For p > 1, the p-Wasserstein distance
between g, v in P(£2) is

1/p
def : <
WP(“’? V) — (Pe%ﬂi V) Lp [D(Xv Y)p]) '
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Wasserstein on 2 Diracs

(82, D)

Wp

(0, 0y) = D(z,y)
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Wasserstein on Uniform Measures
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Wasserstein on Uniform Measures

Oz,

1

1
n

=Y

1—1




Optimal Assignment ¢ Wasserstein




Wasserstein on Empirical Measures

Assume 1 — En: a;0,, and v = i b0y, .

=1 71=1
det
Mxy = |D(xi,y;)"]i;
U(a,b) <{P c R™™|P1,, = a,PT1, = b}
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Wasserstein on Empirical Measures

Assume 1 — z’"’: a;0,, and v = i b0y, .

=1 71=1
det
Mxy = |D(xi,y;)"]i;
U(a,b) <{P c R™™|P1,, = a,PT1, = b}

Def. Optimal Transport Problem

P — ] P, M
Wp (“’7 V) PEI%I(E,b)< y VL XY >
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Wasserstein on Empirical Measures

7

(a, b)
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Wasserstein on Empirical Measures
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P* “
)

\ (a,b)
Wg(ﬂv V) — <P*7 MXY>
— min <P, Mxy>

PeU (a,b)



Wasserstein on Empirical Measures
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? (a, b)

WP, v) =  max ata+ B'b
plv) = max b
a;+8;<D(x;,y;)



Wasserstein on Empirical Measures

‘
‘
XY
‘
‘
‘
‘
‘
‘
‘
‘
‘
‘

network flow solver
used in practice. /|\

O(n°log(n))
P*‘\‘\/(%(a, b)
o ’ T T
Wy p,v) = weR™ BER™ TAb

o;i+8;<D(x;,yj)



Wasserstein on Empirical Measures
“\]WY
' Solution P™ unstable
. _Nand not always unique.
P* \\/Jﬂ&, b)

WP, v) = max ata+ B'b
plpv) = max B
a;+8;<D(x;,y;)




Regularized Optimal Transport

Wishlist:
faster & scalable, more stable.
approximate optimality is OK.
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Entropic Regularization [Wilson’62]

i’ nm
E(P)d: Z PZ](IOng — 1) —|—LR+(P7;')

1,7=1

Def. Regularized Wasserstein, v > 0

det :
W, — P. M —~vE(P
’Y(p’?’/) PEHUI'I(I(},,b)< 9 XY> Y ( )

Note. Unique optimal solution because of strong concavity of Entropy
21




Entropic Regularization [Wilson’62]

Av A AN A
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1z P,

\
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W’Y(“’?’/) —

def :
111111
PeU(a,b)

Def. Regularized Wasserstein, v > 0

(P, Mxy )—vE(P)

Note. Unique optimal solution because of strong concavity ot Entropy
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Fast & Scalable Algorithm

Prop. If P, S argmin (P, Mxy )—vE(P)

PeU(a,b)
then Jlu € R, v € R, such that

P, =D(u) KD(v), K< e Mxvy/

- [Sinkhorn’64] fixed-point iterations for (u, v)

u+a/ Kv, v+<b/ K'u

. Fast,O(nm) or less, GPU parallel [C’13] .



Regularized Transport: Fast

Computational Speed for Histograms of
Varying Dimension Drawn Uniformly on the Simplex
(log log scale)
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Regularized Transport: differentiable

Prop. Gradients w.r.t a, X: [CD’14]

1
1. W, = max ala+B8'b

(QQ/W)T KB/
o, Y

2. W, is convex w.r.t. a; V,W, = vlog(u).

3. If p=20=NRY
1 1
V)(VV7 — XD(CL§) — YPWTD(a_§)
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Regularized Transport: duality

Prop. Writing H, : a — W, (u,v), [CP’15]

1. The Legendre transtform of H, has a
closed form:

H :geR"+—~ (E(b) +b' log(Keg/V))

2. By Fenchel duality, if f concave on >J,,,

52121}@ W,y(u, I/)—f(a) — ;Ié%g f*(g)_HIi(g)




Regularized Transport: duality

Relevance?
Optimizing over measures with the

Wasserstein metric is crucial to use OT
in statistics / machine learning.
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Variational Wasserstein Problems

. F w? 9 7Wp 9 y © T 7Wp 9
Ledin (12, WE (1, v1), WE (pa, v2) 21, vN))

+ k-means Algorithm [Lloyd’82]

- 2
min Wo (1, Vdata)
peP(RY)
| supp p|=Fk

- [McCann’95] Interpolant

min (1 — W5 (p,v1) + tW5 (. v2)
pneP(£2)
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Variational Wasserstein Problems

- [JKO’98] gradient tlow

pre41 = argmin J (p) + AW (1, p1e)
pneP(2)

1. [Agueh’11] Wasserstein barycenters

2. Wasserstein Dictionary Learning [RCP’15]
3. |Bigot’13] Wasserstein PCA [SC’15]

4. |Bassetti’06] Min. Kantorovich Estimation
IMMC’15]
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1. Wasserstein Barycenters

N

min AW (1, Vg
JEpley 2= (e, v3)

. Do’
\/

Wasserstein

\§/ Barycenter
|[Agueh’11]

28



LLP Formulations

- Can solve exactly this problem with empirical
measures 1n 2-Wasserstein case, MM-OT:

If |suppv;| = n;, LP of size (] |, ns, ), 1)

0.5_ [
' N
ol LR
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LLP Formulations

- If solving on a grid (all locations fixed), LP:



Primal Descent on Regularized W
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Primal Descent on Regularized W

. [CD’14]




Primal Descent on Regularized W

. [CD’14]
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Regularized OT as KL Projection

(P Mxy )~ 7E(P) = 7KL(P| K)

Prop. Py =Projg, e (K)
= {P|P1,, =a}, C, = {P|P"1, =b}
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Regularized OT = KL Projections

Prop. Py =Projg, e (K)
C, = {P|P1,, =a}, C, ={P|P'1, = b}

a
Proj~ (P) =D P

. b
Projo/(P) = PD (PT1n> .

1. Sinkhorn = Dykstra’s alternate projection K P, ~y
2. Only need to store & update diagonal multipliers
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Wasserstein Barycenter = KL Projections

(P,Mxy )—~vE(P) =~KL(P| K)

P=[P,...,Pn]

N N
mgnZWv(a, b;) = min Z)\iKL(P,,;\K)
1=1 PeC.:1NC> 1=1

Cl — {PEG,,\V/Z,PZlm — a}
Cz = {P|Vi, P/ 1, = b;}
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Wasserstein Barycenter = KL Projections

N N
min Z W (a,b;) = P:[;?’i? . Z \KL(P; | K)
1=1 PeCiNnC>- 1=1

Cl — {PEO,,\V/Z,lem — a}
Ce = {P|Vi, P/ 1, =b;}

| BCCNP’15]

PR
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Wasserstein Barycenter = KL Projections

P=[P,...,Pn]

N N
mgnZWW(a, b;) = min Z)\iKL(Pi|K)
1=1 PeCi1NC> 1=1

(:H_323*{I)‘EQIW\V%,JF%ﬂlrn :ZZCL}
Ce = {P|Vi, P/ 1, =b;}

u=ones(size(B)); % d x N matrix |IBCCNP’15]

while not converged
v=u.*(K’*(B./(K*u))); % 2(NdAZ2) cost
u=bsxfun(@times,u,exp(log(v)*weights))./v;
end

a=mean(v,2); o



Application: Graphics

Convolutional Wasserstein Distances: Efficient
Optimal Transportation on Geometric Domains,

SIGGRAPH’15
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Application: Graphics

Convolutional Wasserstein Distances: Efficient
Optimal Transportation on Geometric Domains,
SIGGRAPH’15




Applications: Brain Imaging

Fast Optimal Transport Averaging of Neuroimaging Data
Information Processing in Medical Imaging 2015
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Applications: Brain Imaging

N

Sample 1 Sample 2 Sample 3 Mean |Sample 1 Sample 2 Sample 3 Mean

A Smoothed Dual Approach for Variational Wasserstein Problems
to appear in SIAM Imaging Sciences



2. Dictionary Learning

. N K .
) — W (blv _ A'L )
AE(En)IIpalf{IE(EK)N xz 1 i Zk—l ka’kﬁ

True gaussian model Data samples
0.03 1 - ' 0.03 1 , ,
—D 1 _X1
_D2 X2
0.02 D, 0.02} X,
4

0.01¢} : 0.01}
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2. Dictionary Learning

AE(En)KaAG(EK)N

min

2.

N
1=1

Wny (bz, 22{:1 A}cak>

0.03

0.02

0.01

KL-NMF

oY

6

D

—D
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2. Dictionary Learning
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3. Wasserstein PCA

N

. . ) t

min g min W3 (p V;

Ho,H1 A — t 2( o= )
1=

(P(), W3)

o
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Wasserstein PCA vs. Euclidean PCA

W= Wasserstein Principal Geodesics

wmm=_Euclidean Principal Components

\k
+

Principal Curve
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Generalized Principal Geodesics
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|Ambrosio’06] Generalized Geodesics

3 N . 9
A —1 min W U1,02),V; + AR(v , V2 ),
v1,v2€ L2 (D,Q2) Zz_l t€[0,1] 2 (gt( 1 2) ) ( 1 2)

: gi(v1,v2) = (Id — vy +t(v1 + v2)) #0
subject to { Id — vq and Id + v5 are Monge maps from

1.2 —0
11 | o ¢ OQD o i [SC,].S]
o 1
1r g " |

09K § (gen. geodesic) 8> %
08l | o ou
0.7} %OQ
0.6 |

: @
0.5 O (p . o
0.4+ O@
0.3 ' | ! |

1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4



Generalized Principal Geodesics
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4. Minimum Kantorovich Estimation

* °
0" = argmin Wg (PO, Vdata)
0cO

{pe,@ c O
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4. Minimum Kantorovich Estimation

W, (po, Vdata) = Igaﬁxm,pﬂ + (B, Vdata ) — (€, KeP/7)

VoW, = (a_peQ)Ta*

- Application to Boltzmann machines [MMC’15]

using contrastive divergence, better performance in
denoising, data completion.

- Important statistical regularization / stochastic
optimization problems.
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Minimum Kantorovich Estimation

MNIST Data
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To conclude

+ OT has deep/rich mathematical foundations.

- Regularized OT [C.’13] provides a convenient
idea to import these ideas into stats/ML.

- Adopted in graphics/imaging, now in stats,
ML, data tusion, Bayesian computation.
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