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Lifted Inference 4

L) M EEREE Z R AL = LB B T D ETE X [Poole 03]
IRTE: Partial Exchangeability ZZh 2R RIIZIROETFIE [Niepert+ 14a]
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Lifted Inference

%(iuu. ’D'—Ci-d— !
L) A EERRE 2R AL =R AT R B i ;ﬁ [Poole 03]
IR 7E: Partial Exchangeability Z30 3B IZHRDETFH % [Niepert+ 14a]

Tutorials

 “Lifted inference in Probabilistic logical Models”, 1JCAI11
“Probabilistic Inference in Relational Models”, UAI14
 “Lifted Approximate Inference: Methods and Theory”, AAAI14

Workshops

e StarAl: Statistical Relational Al, AAAI10, UAI12, AAAI13-14
e LTPM: Learning Tractable Probabilistic Models, ICML14

* BUDA: Big Uncertain Data, SIGMOD14
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Innovative R&D by NTT
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ﬁ ﬁ j i i Innovative R&D by NTT

BREERT
BEEE AR

= p(R) =0
COERETHEERDIE = PE=L0

Bernoulli 531 (= 31 ) o(1) = 6,

p(x | 6) = 0" (1-0)*, p(2) = 6,
x={0,1}, 6 (0,1

10,1}, 0 <[0,1] 6= 0,
Categorical %0 (= Y4/ 0O) Qiz1.60i = 1)

p(x| @) = I1; 6>=1= 0,
Xe{l,...,M}, H:(Ql""’eM)1 eie [011]! Zi (9i =1
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= BB TR, x, <{0,1) : 8 8 ) gl

. X = (XpXp), X EQ={0, 13N, o, 92

* p(X=x]0)=0py 4 0 1 1 6,

* 0=(0,,...00), 6;€101],26,=1 5 1 0 0 6

M=2N 6 1 0 1 6

7 1 1 0 6

8 1 1 1 6,

X DR

EEDRIBFAMEEDHSICITEHRED/NGA—E2HDLES
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S fIShER .

P(X1.X2,X3) = P(Xy) p(X2|X1) D(X4X(,X,) ferL POD>0

\ p(Xl X2) > 0
IE- IE- Iﬂ-
9111 6112 O 9211 (9212 1 O 6311 9312
Xl o CPT 2 1 9221 9222 2 O 1 9321 9322
X, M CPT 3 1 0 03 05
4 1 1 9341 (9342
22, FZ (M2 L X3 D CPT
FHT=HEEOERLY.

X D (X5 X; DEHFTEHEFER(CPT) TERAIEE
CPT = Conditional Probability Table
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S fIShER ‘.

P(X1,X5,X3) = p(Xy) p(X2|X1) 3| X1 Xp) 773 p(gilggo
/ \

IE- ﬂ-

9111 6112 O 9211 9212 O 6311 9312

X; O CPT 2. 93—)2 0 [1 [B] 62

X, M CPT 1 0 0337 033

4 1 1 6 v,
=% i DT ] DIk DISTA—4 cowr

= p(Xi= Xk | ID(Xy.i.1) =)
X, =X Dk EBEDIE
X1 = (Xppe X))
® NTT Copyright©2014 NTT corp. All Rights Reserved. | )



S fIShER .

DX X0) = PO POGIG) POG,G) 2 03¢,

\
IEI- mn IE(]

(9111 0112 0 9211 (9212 1 0 9311 9312
Xl @ CPT 2 1 9221 2 O 1 9321 9322
X, @ CPT 3 1 0 03 05
] — . ° — 4 1 1 0Oy
Oi =3 | DT j DI K DINTG A2 X, & CPT

= P(Xi = Xik | ID(Xy:i.1) =)

P(X(=1, Xo=1, X3=1) = 0,4,
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S fIShER .

DX X0) = PO POGIG) POG,G) 2 03¢,

\
IEI- mn IE(]

(9111 0112 0 9211 (9212 1 0 9311 9312
Xl @ CPT 2 1 9221 2 O 1 9321 9322
X, @ CPT 3 1 0 03 05
] — . ° — 4 1 1 0Oy
Oi =3 | DT j DI K DINTG A2 X, & CPT

= P(Xi = Xik | ID(Xy:i.1) =)

P(X(=1, Xo=1, X3=1) = 0,4,
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S fIShER .

p(Xl,le) P(X,1X;) |0(><3WtL &iﬁ%;ﬂo

‘1 0 9211 9412

1 0 Oy 9312

X, O CPT 2 m ‘9221 2 0 1 ‘9321 ‘9322
X, M CPT 3 1 0 03 05
= . o — 4 1 1 063y
Oi =3 | DT j DI K DINTG A2 X, & CPT

= P(Xi = Xik | ID(Xy:i.1) =)

P(X(=1, Xo=1, X3=1) = 0,4,
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S fIShER ‘.

p(Xl,le) P(X,1X;) |0(><3WtL &iﬁ%;ﬂo

0111 6’112 10, O ‘9212 1 0 0 05y ‘93;12
X, 0 CPT 2 @ Oy 2.0 1 6O3n ‘9322
X2 0) CPT ....."'~.,3.. 1 O 8331 9 32
. o 4 ﬁ) () S O
Oi =3 | DT j DI K DINTG A2 X, & CPT

= P(Xi = Xik | ID(Xy:i.1) =)

P(X(=1, Xo=1, X3=1) = 0,4, 0347
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S fIShER ‘.

(X)) = POX) PO POXGKLXa) (332,

—
IE- IEI- D x, | % [%=0] 1
011 011 0 61 6o 1 0 0 63 65

X, 0 CPT 2 1 0Oy 0Oy 2 0 1 O3 0O

X, M CPT Oz31 Os3r

1 O Osp
X4 0D CPT

w
R

& 1T HN Categorical 7%

FHMSHEICOBLTENTA—2IERE O
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E’I’% LT:L\E .

RIRFHER  p(x|60) = Opp, XxEQ={0,1}"
BLOMEE  ple|d) = ,.p(x|6), e CQ

HAFHE E[F]oxe.0 = 2xeq F(X)P(X | €,0)

Viterbi fE ~ x* = argmax, p(x | e,0)

ELHTEE 6*=argmax, 1, p(eld), E={e,e,,...}

=%459%f  p@|E)
EICHETHLEBMNLGREEEY H(NP-hard) ®
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Innovative R&D by NTT
——

SRR F
MEEHEREREELEINOMEEE To ool o
MM RIA > 0 0 1 1
F =X AX) VX, 301 0 0

4 0 1 1 1
A X
nﬂﬂ.ﬁlaaﬁiﬂ F(X) 5 1 0 0 O
= {0,1}_—> {0,1} 6 1 0 1 1
F(1,1,1)=1 7 1 1 0 1
— 8 1 1 1 1

1=}
FOEEE

X & F(X) DRIGER PRERR
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FE X EOBER. FX) * F ARITHEREKET S

Satisfiability (SAT) problem [Cook 71]
FX) =135 x BN FEAET S (FEEAE)NMIET D

Model Counting (MC) problem
F(X)=175% x D MC(F) K65
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HHE

RIEXDESR
p(F | 0) =Y cq F(X)P(X | 8) = E[F] 9

B TR & SAT

PX|0) % VX (p(x|0)>0)%5 X DEIKFESMETS
COEE. p(F|0)>05 HRERX F (FFHEATEE

BN fa& MC

PX|0)Z Vx(px|0)=12V)13H X D—tk73WETH

ZDEE, p(F|O)=M/28& MC(F) =M
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RERL T ER S

X VB &=
E[F],x =1 F(X)p(x)dx
PEEFTHIIZETE TEHEELL

Ay

X D EEER D EE

E[Flo00 = 2x FOOP(X)
W 2?7 ? TEIETEHLELL
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RERL ST ER S ‘.

X AVEEEDLEE
E[F],x =1 F(X)p(x)dx
IR ICETETEBEMELLY

(1]
Ay

X BRI D EE

E[F]p(X) = Zx F(X)p(X)

MZIEXFFE TEETEHEELL

- Model counting N Z IE X el THEIT 5

[ BEERIZH 1T BFES = Model Counting (Model Enumeration) ]
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p(x|0) ZXNEMICETRT S ‘«
[ KSA—5ERETS J

POXi| X1, 6) = POXi| Xyig, 6)
DOAEMTDE . DT
1 00 0 O Ou > 1 O O
2 0 0 .. 1 6xn 0y -3 2 ??? O O

......... M. Ot imio
e | | e Xi DI\ R CPT
2+1 1 1 .. 0 . . M;= BIER T AKX

2i_1 1 1 .. 1 9i2i-11 eizmz
X DEHFEHEESR (CPT) = BT (X
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p(x|0) ZNEMICERT D ‘«
[ KSA—5ERETS J

POXi | Xy.i1s 0)

|||ete I 1:-1 |
1 1

Ti : {011}i_1 — {1""’Mi} 01 Oi
POX; = Xy | Ti(Xi.0) =1, 0) = eijk 2 2 G | Gy
INGA—REL 2 > M,

I\/Ii I\/Ii ‘9iMi1 9iMi2
[B]£8 X; DA /NI HE CPT
T ZEIDEDD? = )

N — VAL — Li-1 = \ D A21 -]
—> Ti %Ik&)é — 5$_L |§E§ﬂi/_~E Xl:i_l E{O,l}l-l
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RERL ST fh EIRSLTE

1.

(A

Independence

2. Conditional Independence

3. Context Specific Independence [Boutilier+ 96]

4.

Partial Exchangeability [Niepert+ 14a]

CEJAY/

X

=

N



Independence .

P(X1,X5,X3) = p(X)P(X)p(Xs3) : le—xz X, AL Xa, Xq AL Xg

IE- IEI- Iﬂ-

0111 0110 0 [0y 6o 0 O 6311 ‘9312
X, @ CPT 2 1 |6 0y 2 0 1 1037 03
X, M CPT 3 1 0 |03 0535
4 1 1 Uy ‘9312/
X5 @ CPT
[ M =T RTOEFHIHINEEHRTS ]
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Independence .

P(X1,X5,X3) = p(X)P(X)Pp(X,) : X il—Xz X, AL Xa, Xq AL Xg

IE- IEI- Iﬂ-

9111 9112 * 9211 9212 * 6311 8312
To(¢) =1, Ta(¢, ) =1
[ M =T RTOEEHEERTS ]
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Conditional Independence Csh

P(X5[Xy X5) = p(X5Xy) : X, L X5 %

IE- IEI- Iﬂ-

9111 6)112 O ‘9211 ‘9212 ‘9311 9312
2 1 ‘9221 ‘9222 2 O 1 C9311 ‘9312)

3 RN (0 O

4 = 1 6’32] 9322

[ FHMSHIUE - RHEOFHINZEBRTS ]
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Conditional Independence Csh

P(X5[Xy X5) = p(X5Xy) : X, L X5 %

IEI- IEI- IEI-
9111 9112 0 (9211 (9212 * (9311 9312

2 1 9221 (9222 2 s 6321 (9322

Ta(%, Xp) = 1+,

[ FHMSHIUE - RHEOFHINZEBRTS ]
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N

Context Specific Independence f

P(XKa X =600, X5) = POKgP =) = X AL X | X =,

Iﬂ- IEI- Iﬂ-
9111 9112 0 (9211 (9212 0 9311 9312
2 1 9221 (9222 2 0 1 8321 9322

3 1 0 [0 0Os

[ MXARIKF IR - BEDEH T THEDFEINZEBRTS ]
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Context Specific Independence f

P(XKa X =600, X5) = POKgP =) = X AL X | X =,

IE- IEI- IEI-
9111 9112 0 (9211 (9212 0 0 9311 9312
2 1 9221 (9222 2 0 1 8321 8322

s 1.7 [‘9331 9332]
Xo+1 :x.=0
T3(X1’ XZ) =] 32 : Xi :1

—

—

[ MXARIKF IR - BEDEH T THEDFEINZEBRTS ]
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Partial Exchangeability -

p(XalXy,Xp) = 277

IE- IEI- IEI-
9111 9112 0 (9211 (9212 0 9311 9312
2 1 9221 (9222 2

1 | 031 O3
3 1 0 O O3
4 1 1 0O Oz

W (ZZ D KLSIZ Parameter Tying 9 5(Z1%
ESFTNIERLNM?

5> SETOMIMTIHEE O
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Partial Exchangeability -

P(X3= Xay | Xy=Xgy Xo=X5) = O34 1, )«

IE- IEI- Iﬂ-

9111 8112 0 (9211 (9212 0 8311 9312

2 1 Oy O 2 0 1 |05 05
4 1 1 0y 0O

T5(Xq, X,) = 777
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Partial Exchangeability -

Iﬂ- IEI- Iﬂ--
9111 9112 0 (9211 (9212 9311 9312
2 1 9221 (9222 2 2 6)321 (9322

3 3 (9331 6)332

T5(Xq, Xo) = 14X +X,

[ TS IR ATRETE = HEDEH T TNFA—3%HAF ]
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CPT&EREE ‘s

P(X3= Xay | Xy=Xgy Xo=X5) = O34 1, )«

IE- IEI- Iﬂ-

0111 0117 0 01 O
2 1 Oy O 2 0 1 (‘9321 ‘9322
3 1 O \6?71 93?2
4 1 1 |07 0Oy

B[Z ! 2 &DHIZ Parameter Tying 9 5121
EQTNILELD?
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CPT&EREE ‘s

P(X3= Xay | Xy=Xgy Xo=X5) = O34 1, )«

Iﬂ- IEI- IEI-
9111 9112 0 (9211 9212
2 1 9221 (9222

H
~
095
N
[

3 1 0 \‘9371 93?2
- 4 1 1 |03y 0Oiq

1 :x,9X, |
2 : otherwise

Ta(Xg, Xp) =+

—

[ Ho HFEHILREETRCBAIARE ! ]
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CPT&EREE ‘s

'HHIE§7E 1LV V=S A—43HF

“Ti(Xiiy) =) P F M RE
— Tij EEE - INTGAARALBFEESE

Iﬂ-

1 00 r‘9311 0312 NS5 A—ht 1L

2 0 1 (0 O 0 1 L ieppsepymst-cigm
31 0 (6 6y) 0O 1

4 1 1 (6 65 1 0

® NTT Copyright©2014 NTT corp. All Rights Reserved. 40



INEED <

P(X | 0) TNFEMICEET S

SIETL T [SRY /T A— 8E#ETE

E \DINTGA—BZHFZRIEAEE ©
BEDHIETIIRETEGLVHEELAGE O

o(x | 0) M ET S
T;; M Model counting Z3ZAI(Z1T

Model counting [&—f%[Z[& NP-hard ®

Mo
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p(x|0) L CHEMIZFTRE TS >

Model Counting (MC)

E’Eﬁ 7 EMC
MC L BEER 2 A DFE 0 [ xT it

MC(F) 5t & Al &g
> E[Fl,xo ZET R FIHE

21EFE D iwIE 0
_ = . BERBZR || T, fﬁ‘)b—7°1t]
ﬁﬁﬁﬁ%i%?éﬁﬁﬂﬂjt__JL&/
=

REEREEETIRAERXF  p(F|0)
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Knowledge Compilation [Darwich 02] \

B2 12 CTERE

I RZ @Y 2= ([CTEH

EHEORALT RATERT

-
FR DB
Consistency
Validity
Implicant
Equivalence
Model Counting
Model Enumeration

\— y

®) NTT

-

i 0OL)]

Negation Normal Form (NNF)
Decomposable NNF (DNNF)
Deterministic NNF (d-NNF)
d-DNNF

Binary Decision Diagram (BDD)
Disjunctive Normal Form (DNF)
Conjunctive Normal Form (CNF)

NoR ki
t &

---h-- [N ]

J

Copyright©2014 NTT corp. All Rights Reserved. 44



Knowledge Compilation [Darwich 02] \.

Binary Decision Diagram [Bryant 86]
IR #ZFRILT 5 DAG (’ﬁrﬂiliﬂﬁi%757)
PRARIGERIBEE YR —

Zero-suppressed BDD [Minato 93]
TATLEYNES) ZNEMIZKIZI S BDD D—i&E

d-DNNF [Darwiche 01]
(%<M1I5E T)BDD KYHOA /NI NI HERI D DAGK IR

[ AVNIMIEfESNhS > HEMISFHETES ]
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Compiling Probabilistic Models « ¢

s ER S Mz mEN F,

CERAVTES

B Y73 T —318IE(Z Compi

Moo=

e (J£#3)

3. T—%4%& & £ T Dynamic Programming ZZE1T

1. Modeling 2. Compiling 3.

Model
Tip = (Xy VX)) A X3

T =Ty A X,
Tz = (T VTy) @

Observation

F=X, V X, jk 1
®) NTT

Dynamic Programming
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1. Compiling Bayesian Network

BowoN e

2. Probabilistic Logic Programming
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Compiling Bayesian Network ‘s

Bayesian Network (BN) [Pear| 85]

DAG + CPT CRIFDfZEE
DAG =FH{A=HI*TEE
CPT =FH{(T=HEXRZTE
O 1D 1 x=0] 1
1 (9111 (9112
IEI- IEI-
@ @ 0 Oy Ony 0 Oy Osnp

2 Il 6)221 9222 2 1l 8321 9322
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Compiling Bayesian Network ‘s

Belief Propagation (BP) [Pear| 82]
RiE1E BN DFDERZFFGERE
STE =X BN OH A XTI

Junction Tree Algorithm [Lauritzen88]

— R DBNZE K[ Z

B DK TBP ZET @—@
‘ ‘o o

Bayesian Network Junctlon Tree

ZHRICHAGLNE
® NTT Copyright©2014 NTT corp. All Rights Reserved. /] ©)
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Compiling Bayesian Network <

DAG + CPT Z&8HETRINIEEIZ Compile (£ )
L DWEE LD DP THERSE

MLEF(B)

* *
+
7‘°|bzg

C
1
Ble\I:v‘3||:93\hz||;"|t:9||:‘*|b

d-DNNF [ZZ#2 ZDD 2% #h BDD [ZZ A
[Chavira+ 05, 07] [Minato+ 07] [Ishihata+ 113a]
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Probabilistic Logic Programming « ‘<&«

b EE R IEZ A,

1L CHEERTET JLZ TE & [DeRaedt+ 08]

Statistical Relational Learning EHLME([X 415 [Getoor+ 07]

PRISM [Sato+ 01]

Explanation Graph / BDD

LPAD [Vennekens+ 04] BDD
Markov Logic [Richardson+06] d-DNNF
ProbLog [DeRaedt+07] BDD / d-DNNF

HFILLEBREEDTF1—RIT7ILSE

(B4 11]

®) NTT

EM algorithm on BDDs [Ishihata+ 08]
Variational Bayes on BDDs [Ishiahta+ 11b]
MCMC-Bayes on BDDs [Ishihata+ 11c]
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Lifted Inference

244]) : Lifted Inference [Poole 03]

R AL THENICHERZER FTETS
B EE :Friend(X,Y), Smoke(X), X,Y € D
JL—IL . 0.9 VX,Y Smoke(X) /\ Friend(X,Y) = Smoke(Y)
KAAL> : D ={Alice, Bob, Charlie, ...}
MERZTE0:  Friend(Alice, Bob), Friend(Alice, Charlie), ...

B IL— IV CERBDERERDOERZFTLEHT

)
;:,,
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Lifted Inference '

= % : Lifted Inference [Q"%@H‘J”:ﬁﬂﬂwii]
R AL THENICEREZERZ-FTEITS
1R EE :Friend(X,Y), Smoke(X), X,Y € D
JL—IL . 0.9 VX,Y Smoke(X) /\ Friend(X,Y) = Smoke(Y)
KAAL> : D ={Alice, Bob, Charlie, ...}
ERZEZH: Friend(Alice, Bob), Friend(Alice, Charlie), ...

IR FE : Domain-lifted Inference [Broeck 11b]
FERHEGM KA YA X |D| D ZIEERRE O(Poly(D))

ZEH D = O(Poly(DJ) ) I .
BEOFTEE = O 2PovdD) iTt!!

® NTT Copyright©2014 NTT corp. All Rights Reserve
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Lifted Inference @) Trick <

Partial Exchangeability in First-Order Logic

WEEERIE = 1/L— )L TEMETHOBEZRZEEE

> =B ORINKREITEE
— Partial Exchangeability

First-Order Model Counting [Broeck 11]
WREEFREED MC Zinlim i 2 HE 7 I2EHE
W EERE D PN R AT S ETHIEE




Lifted Inference @ Trick <

First-Order d-DNNF [Broeck 11a]

d-DNNF Z b B2 Em IR I i aE
Partial Exchangeability & *=IH

I

....................

FO d-DNNF [ B EEA?? Noll |
ETILOE ORI MEIIKTE O

R UV PR 2l TE [Broack+ 12] T
(2IEEA R D EAIH &S & #P-hard) dteminisic

kers |

| fx, y) || — friends(z, y) | | friends(x, y) || —f(x, y) |
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HEEXDEZ

HIECHEERETILERD

smIEERIFZ (BDD, d-DNNF,...) [Z Compile ([E#E)
Al iz ZC A O EhERMIZETE AT RE

FHIEDERHR
ZCHIS THERETILZES
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Sum-Product Network <

d-DNNF L -BEZFIALTpx) zEE

& 5T E [Poon+ 11] & UAI Best Paper
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Exchangeable Variable Model

Exchangeable Variable Model [Niepert+ 14b]
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Generating Graphical models [Ishihata+ 14] \.
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3 Innovative R&D by NTT
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