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Sparse Additive Conditional Density Estimation

where H ∈ RB·Dx×B·Dx and h ∈ RB·Dx are given by

H =

⎛

⎜⎝
H1,1 · · · H1,Dx

...
. . .

...
HDx,1 · · · HDx,Dx

⎞

⎟⎠ (12)

[Hd,d]b1,b2 =

(√
πσ
)Dy

N
exp

(
−∥νb1−νb2∥2

4σ2

)

×
N∑

n=1

exp

(
−
(x(n)d −µd,b1)

2 + (x(n)d −µd,b2)
2

2σ2

)
,

d = 1, . . . , Dx, b1, b2 = 1, . . . , B, (13)

[Hd1,d2 ]b1,b2 =

(√
πσ
)Dy

N2
exp

(
−∥νb1 − νb2∥22

4σ2

) N∑

n1=1

exp

(
−
(x(n1)

d1
− µd1,b1)

2

2σ2

)

×
N∑

n2=1

exp

(
−
(x(n2)

d2
− µd2,b2)

2

2σ2

)
, d1 ̸= d2, b1, b2 = 1, . . . , B, (14)

h =
(
hT
1 , . . . ,h

T
Dx

)T
, (15)

hd,b =
1

N

N∑

n=1

exp

(
−
∥y(n)−νb∥2 + (x(n)d −µd,b)2

2σ2

)
,

d = 1, . . . , Dx, b = 1, . . . , B. (16)

Detailed derivation of (11)–(16) is described in Appendix A.
To perform feature selection in our additive CDE model, we introduce an (ℓ1, ℓ2)-mixed

norm:

Ω(α) :=
Dx∑

d=1

∥∥∥αd

∥∥∥
2
. (17)

In the mixed norm Ω(α), the parameter vector α is grouped in the sub-vectors α1, . . . ,αDx .
Minimizing a loss function penalized with Ω(α) tends to produce a group-wise sparse solu-
tion (Yuan and Lin, 2006), which means that the penalized optimization can be useful for
selecting a relevant subset of input variables:

min
α≥0

J(α) := Ĵ0(α) + λ Ω(α), (18)

where λ ≥ 0 is the regularization parameter. Note that empirical squared error Ĵ0(α)
is differentiable and convex because the Hessian matrix, H, is positive definite. Ω(α) is
also convex but non-differentiable. Overall, (18) is a convex optimization problem and we
develop a fast optimization algorithm below.

2.3. Optimization Algorithm

We use a proximal method (Sra et al., 2012; Beck and Teboulle, 2009) to solve the opti-
mization problem (18). More specifically, we consider a linear approximation to function

5

p̂(y|x) :=
D

x

X
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