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�f�‹�f�‹�g�æ�x
ž�A�•

VC �Í�i�q�T�6
\�©�w�g�æ�q�T�Œ�’�s�X�o�‹ SVM �x�ˆ�T�d�”�}

���S�æ�q�T�Œ�’�s�X�o�‹�Ê�ï�Í�å�Õ� �¶�w�î
÷�x�p�V�”�}

�f�‹�f�‹�g�æ�H�x �þ�t�q�h�s�M �É�`�M�é�›�\�v�X�“�s�`�o�M�”�i�Z�p�x�•
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Å�Z�€�q� �;�w����

年代

応用

基礎
（理論）

コミュニケーション
言語：数学 ( 理論 )

�Ì�t�Ÿ�s�”�è�Õ�ç���w�¯�Û�á�Ç�­�”�³�ã�ï�U	ý�`�M
C�_�›�‹�X
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�º�™�t�ˆ�”
R�­�«

SVM (Vapnik, 1998, Cortes and Vapnik, 1995): VC �Í�i

AdaBoost (Freund and Schapire, 1995): 	��¶	6�;�t�‘�”�¶	6�D�ó
Q

Dirichlet process (Ferguson, 1973): �¬�p�æ�|���S�æ

Lasso (Tibshirani, 1996)

AIC (Akaike, 1974)

�y	V�·�ï�³�ï�¬ (Candès, Tao and Donoho, 2004)

�s�r�s�r

�G�Ä�s�w�x�Š�í�w�g�r
�à	ý�`�M	��O

(�f�w�h�Š�w�Š�·�¿�³�ã�ï�‚ )
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�‘�“�Ú
€�$�s�®�ó

�¶	6�g�æ�›�Œ�”�\�q�w�‘�“�Ú
€�$�s���;
Q

...1 	��O�w�™�¯ : �f�‹�f�‹�?�›�•�l�o�M�”	��O�s�w�T�à
Y�`�M�–�M�M

...2 	��O�w
Y�p
Q : �j�Œ�œ�q�`�h�r�U�˜�’�•�”�T�¢�®�Š�p�t	)���b�”�w�T��̄£

...3 	��O�w�7�&
Q : �K�”	��S�t���`�o�7�&�s	��O�T�à�†	ú�`�o�–�Q�”
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➀	��O�w�™�¯ : �« . �é�µ��
:�w
¬�R

�Ë�‹
Q�� :
�Î�ï�´�é�µ�q�é�´�µ�Â�Ÿ�¿�«�é�µ�|�r�j�’�›�–�O�‚�V�•

min
f

1

n

n∑
i=1

ϕ(−yi f (xi )) (yi ∈ {±1})

...1 �†	��q�‹
Q���¡�)�›�7	–�=
ϕ �U�¤�w�Ì
�®ϕ �x
Q���°�•
Q�›�‹�m ⇔ ϕ �U�j�:�p
•
ü�D�ó�T�m ϕ′(0) > 0�¯
(Bartlett et al., 2006)


Q���°�•
Q : �8�4�æ�µ�«�7	–�=��
: (argminf E[ϕ(−Yf (X ))]) �U Bayes �7�&�}

...2 �±�Ù�”�Ä�Õ�«�»�”�w
: vs 	Ú�E
Ç�V�¬�p p(Y |X ) �w
*���ó�—

�Î�ï�´ : �µ�Í�”�µ�s�r (	Ú�E
Ç�V�¬�p�x
¶�X
*���p�V�s�M )
�é�´�µ�Â�Ÿ�¿�« : 	Ú�E
Ç�V�¬�p�U�{�‡�” (�°�M�|
¶�±�ï�Ó�ç�U�±�Ù�”�Ä�Õ�«�»�” )

�®�±�Ù�”�Ä�Õ�«�»�”�w
:�q	Ú�E
Ç�V�¬�p�w
*���ó�—�q�w���t�x�Ä�è�”�Å�¦�Ñ
�U�K�”�}�†	��›�ì
¶�t�†�q�^�d�”�\�q�x�p�V�s�M�}�¯
(Bartlett and Tewari, 2007)

8 / 60



➀	��O�w�™�¯ : �« . �é�µ��
:�w
¬�R

�Ë�‹
Q�� :
�Î�ï�´�é�µ�q�é�´�µ�Â�Ÿ�¿�«�é�µ�|�r�j�’�›�–�O�‚�V�•

min
f

1

n

n∑
i=1

ϕ(−yi f (xi )) (yi ∈ {±1})

...1 �†	��q�‹
Q���¡�)�›�7	–�=
ϕ �U�¤�w�Ì
�®ϕ �x
Q���°�•
Q�›�‹�m ⇔ ϕ �U�j�:�p
•
ü�D�ó�T�m ϕ′(0) > 0�¯
(Bartlett et al., 2006)


Q���°�•
Q : �8�4�æ�µ�«�7	–�=��
: (argminf E[ϕ(−Yf (X ))]) �U Bayes �7�&�}
...2 �±�Ù�”�Ä�Õ�«�»�”�w
: vs 	Ú�E
Ç�V�¬�p p(Y |X ) �w
*���ó�—

�Î�ï�´ : �µ�Í�”�µ�s�r (	Ú�E
Ç�V�¬�p�x
¶�X
*���p�V�s�M )
�é�´�µ�Â�Ÿ�¿�« : 	Ú�E
Ç�V�¬�p�U�{�‡�” (�°�M�|
¶�±�ï�Ó�ç�U�±�Ù�”�Ä�Õ�«�»�” )

�®�±�Ù�”�Ä�Õ�«�»�”�w
:�q	Ú�E
Ç�V�¬�p�w
*���ó�—�q�w���t�x�Ä�è�”�Å�¦�Ñ
�U�K�”�}�†	��›�ì
¶�t�†�q�^�d�”�\�q�x�p�V�s�M�}�¯
(Bartlett and Tewari, 2007)

8 / 60



➁	��O�w
Y�p
Q�~ ➂	��O�w�7�&
Q

2 	��O�w
Y�p
Q
�« : �°�•
Q

f̂ (
*���” )
p−→ f ∗ (
��w��
: )

3 	��O�w�7�&
Q
	)���b�”�q�`�o�f�w���^�x�7�&�•

�•�0
Q
minimax 
Q

���Ô�x�\�\�’�•�œ�›�¤	ú�t�é�`�‡�b�}
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�w�-�$�¶	6�g�æ�w�q�j�•�”
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�w�-�$�¶	6�g�æ�w�q�j�•�”

�Þ�î�M�w�q�\�–�|�¥�„�x
‡	×�t���”�}
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�¢���s�S�é�`�b�”�£�¶	6�g�æ ≈ �&�g�a���w�g�æ

sup
f∈F

{
1

n

n∑
i=1

f (xi )− E[f ]

}

�w
°�A�U	O�A�}
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�º�™ : �&�g�a���w�g�æ

1933 Glivenko, Cantelli Glivenko-Catelli �w���g
(�°�7 �G
:�w�O�� )

1933 Kolmogorov Kolmogorov-Smirnov �U��
(	)���è�”�Ä�|
´�Ù
ü
Í )

1952 Donsker Donsker �w���g
(�°�7 �¤	ú�Ã�v���g )

1967 Dudley Dudley 
u
ü

1968 Vapnik, Chervonenkis VC �Í�i
(�°�7 	)���w
ž�A	G
ü	Ú�E )

1996a Talagrand Talagrand �w
Æ�s�Ü
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�ð�J
ƒ��

�­�£���“�¶	6
�­�£�Ã�”�» : Dn = {(x1, y1), . . . , (xn, yn)} ∈ (X × Y)n �Ö�—�q	Z�—�w i.i.d. �%�»
�é�µ��
: : ℓ(·, ·) : Y × R→ R+ ���§�M�•�w�Ö�Æ�ç�Â�Ÿ
�>
†	B�ù (�Þ�Ã�ç ): F X → R �s�”��
:�w	B�ù

.

...... f̂ : 
*���” . �±�ï�Ó�ç (xi , yi )
n
i=1 �T�’�Ï
R�^�•�” F �w�i .

�H�Q�h�M�” (
Z�=�¡�) ):

E(X ,Y )︸ ︷︷ ︸
�Â�µ�Ä�Ã�”�»

[ℓ(Y , f̂ (X ))]− inf
f :�D����
:

E(X ,Y )[ℓ(Y , f (X ))]


Z�=�¡�)�x	)���b�”�•

�f�w���^�x ?

16 / 60



Bias-Variance �w
ü�r

�&�g�æ�µ�« : L̂(f ) = 1
n

∑n
i=1 ℓ(yi , f (xi )),

�8�4�æ�µ�« : L(f ) = E(X ,Y )[ℓ(Y , f (X ))]


Z�=�¡�) =L(f̂ )− inf
f :�D����
:

L(f )

= L(f̂ )− inf
f∈F

L(f )︸ ︷︷ ︸

*���¡�)

+ inf
f∈F

L(f )− inf
f :�D����
:

L(f )︸ ︷︷ ︸
�Þ�Ã�ç�¡�)

���o�w�h�Š f ∗ ∈ F �U���O�`�o inf f∈F L(f ) = L(f ∗) �q�b�”�}

�Þ�Þ�Ã�ç�¡�)�t�m�M�o�x���s�x	î�•�s�M�}
�`�T�`�|�Þ�Ã�æ�ï�¬�w�ð�J�x 
‡	×�t	O�A �}

Sieve �O, Cross validation, 	Ø�C�”�F	j , �Þ�Ã�ç���É , ...

�§�”�É�ç�O�t�S�Z�”�Þ�Ã�ç�¡�)�w	��“�{�M : interpolation space �w�g
�æ (Steinwart et al., 2009, Eberts and Steinwart, 2012, Bennett and Sharpley, 1988).

�Ž�ñ�|�Þ�Ã�ç�¡�)�x	G
ü	–�^�M�q�b�”�}
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�&�g�¡�)�7	–�=

�&�g�¡�)�7	–�= (ERM):

�Ñ

f̂ = argmin
f ∈F

L̂(f )


Y���=
Ç�V�&�g�¡�)�7	–�= (RERM):

f̂ = argmin
f ∈F

L̂(f ) + ψ(f )︸︷︷︸

Y���=�ò

RERM �t���b�”�Z�€�‹
‡	×�t�T�•�K�” (Steinwart and Christmann, 2008,

Mukherjee et al., 2002).

ERM �w���Õ
¢	Í�}
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	Z
C�:

�„�q�œ�r�w�Ì�¢�ï�Å�w�‹	Z�x�Í�w�Ü�T�’�•�‡�” :

L̂(f̂ ) ≤ L̂(f ∗) (∵ �&�g�¡�)�7	–�= )

⇒ L(f̂ )− L(f ∗) ≤ L(f̂ )− L̂(f̂ ) + L̂(f ∗)− L(f ∗)

�†�›�s�r
s

L(f̂ )− L̂(f̂ )

{
→ 0 (∵ �G
:�w�O�� !!)

= Op(1/
√
n) (∵ �¤	ú�Ã�v���g !!)

�¸	‰�‚�‚�‚

�¼�Ý�p�b

f̂ �q�­�£�Ã�”�»�x� �q�p�x�s�M

Reminder: L̂(f ) = 1
n

∑n
i=1 ℓ(yi , f (xi )), L(f ) = E(X ,Y )[ℓ(Y , f (X ))]
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�s�t�U�ð�J�T�•

f
f*

L(f)
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�s�t�U�ð�J�T�•

f
f*

L(f)

L(f)^

f̂
“�h�‡�h�‡ ” �O�‡�X�M�X�•�m�U�M�” (�a�¶	6 ) �T�‹�`�•�s�M�}

�î�M�| F �U
ó�v�s	Ô�ù	)���`�s�M�«�U
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�s�t�U�ð�J�T�•

f
f*

L(f)

L(f)^

f̂

一様なバウンド

�°�7�s�Ì�¢�ï�Å�t�‘�l�o�®�h�‡�h�‡�O�‡�X�M�X�¯�U (�„�q�œ�r ) �s�M�\�q�›�-	Â
�f�•�x�×�Ì�p�x�s�M (�&�g�a���w�g�æ )
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�°�7�Ì�¢�ï�Å

L(f̂ )− L̂(f̂ ) ≤ sup
f∈F

{
L(f )− L̂(f )

}
≤ (?)

�°�7�t �æ�µ�«�›�H�Q�”�\�q�U	O�A
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�‡�c�x���v�T�’
|F| <∞
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���;�s
Æ�s�Ü

Hoeffding �w
Æ�s�Ü
Zi (i = 1, . . . , n): � �q�p (�‰�°�q�x�v�’�s�M ) �8�4�‹ 0 �w�¬�p�!
: s.t.
|Zi | ≤ mi

P

(
|
∑n

i=1 Zi |√
n

> t

)
≤ 2 exp

(
− t2

2
∑n

i=1 m
2
i /n

)

Bernstein �w
Æ�s�Ü
Zi (i = 1, . . . , n): � �q�p (�‰�°�q�x�v�’�s�M ) �8�4�‹ 0 �w�¬�p�!
: s.t.
E[Z 2

i ] = σ2
i , |Zi | ≤ M

P

(
|
∑n

i=1 Zi |√
n

> t

)
≤ 2 exp

(
− t2

2( 1n
∑n

i=1 σ
2
i +

1√
n
Mt)

)


ü�„�w	Ø�C�›�b�;
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���;�s
Æ�s�Ü : �¦�Á
[

Hoeffding �w
Æ�s�Ü (sub-Gaussian tail)
Zi (i = 1, . . . , n): � �q�p (�‰�°�q�x�v�’�s�M ) �8�4�‹ 0 �w�¬�p�!
: s.t.

E[eτZi ] ≤ eσ
2
i τ

2/2 (∀τ > 0)

P

(
|
∑n

i=1 Zi |√
n

> t

)
≤ 2 exp

(
− t2

2
∑n

i=1 σ
2
i /n

)

Bernstein �w
Æ�s�Ü
Zi (i = 1, . . . , n): � �q�p (�‰�°�q�x�v�’�s�M ) �8�4�‹ 0 �w�¬�p�!
: s.t.
E[Z 2

i ] = σ2
i , E|Zi |k ≤ k!

2 σ
2Mk−2 (∀k ≥ 2)

P

(
|
∑n

i=1 Zi |√
n

> t

)
≤ 2 exp

(
− t2

2( 1n
∑n

i=1 σ
2
i +

1√
n
Mt)

)

(�Î�ç�Õ�ç�Ä�í��
[�‹�K�” )
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���v	B�ù�w�°�7�Ì�¢�ï�Å 1: Hoeffding �w
Æ�s�Ü
[

�\�•�i�Z�p�‹�Œ�l�o�M�”�q���;�} (f ← ℓ(y , g(x))− Eℓ(Y , g(X )) �q�`�o�ß�Q�” )

F = {fm (m = 1, . . . ,M)} ���v�x�w��
:	B�ù : �r�•�‹�8�4�‹ 0 (E[fm(X )] = 0).

Hoeffding �w
Æ�s�Ü (Zi = fm(Xi ) �›�E�Ö )

P
(

|
∑n

i=1 fm(Xi )|√
n

> t
)
≤ 2 exp

(
− t2

2∥fm∥2
∞

)
.
�°�7�Ì�¢�ï�Å
..

......

• P
(

max
1≤m≤M

|
∑n

i=1 fm(Xi )|√
n

> max
m
∥fm∥∞

√
2 log (2M/δ)

)
≤ δ

• E
[

max
1≤m≤M

|
∑n

i=1 fm(Xi )|√
n

]
≤ C max

m
∥fm∥∞

√
log(1 +M)

(�‹	Z ) P

(
max

1≤m≤M

|
∑n

i=1 fm(Xi )|√
n

> t

)
= P

 ∪
1≤m≤M

|
∑n

i=1 fm(Xi )|√
n

> t

 ≤ 2
M∑

m=1

exp

(
−

t2

2∥fm∥2
∞

)
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���v	B�ù�w�°�7�Ì�¢�ï�Å 2: Bernstein �w
Æ�s�Ü
[

F = {fm (m = 1, . . . ,M)} ���v�x�w��
:	B�ù : �r�•�‹�8�4�‹ 0 (E[fm(X )] = 0).

Bernstein �w
Æ�s�Ü

P
(

|
∑n

i=1 fm(Xi )|√
n

> t
)
≤ 2 exp

(
− t2

2(∥fm∥2
L2
+ 1√

n
∥fm∥∞t)

)

.
�°�7�Ì�¢�ï�Å
..

......

E

[
max

1≤m≤M

|
∑n

i=1 fm(Xi )|√
n

]
≲ 1√

n
max
m
∥fm∥∞ log(1 +M) + max

m
∥fm∥L2

√
log(1 +M)

�Þ �°�7�Ì�¢�ï�Å�x�d�M�e�M
√

log(M) �¦�”�¼�p
ÿ�Q�”�}
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���v�T�’�Á�v�•

�>
†	B�ù�w�A
É�U�Á�v�x�K�l�h�’�•
�È���ñ�S�›�‹�l�o�M�h�’�•

F = {x⊤β | β ∈ Rd , ∥β∥ ≤ 1} F = {f ∈ H | ∥f ∥H ≤ 1}

-5 -4 -3 -2 -1 0 1 2 3 4 5

-6

-4

-2

0

2

4

6
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�,�Š�$�s�ž� �Ã�Ÿ�ž

���v�x�w�i�p�E
¯�^�d�”

F
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Rademacher 
ó�v�^

ϵ1, ϵ2, . . . , ϵn: Rademacher �!
: , i.e., P(ϵi = 1) = P(ϵi = −1) = 1
2 .

Rademacher 
ó�v�^

R(F) := E{ϵi},{xi}

[
sup
f∈F

1

n

∣∣∣∣∣
n∑

i=1

ϵi f (xi )

∣∣∣∣∣
]

�0	¶�= :

(�8�4�‹ ) E

[
sup
f∈F

1

n

∣∣∣∣∣
n∑

i=1

(f (xi )− E[f ])

∣∣∣∣∣
]
≤ 2R(F).

�‹�` ∥f ∥∞ ≤ 1 (∀f ∈ F) �s�’

(
D�¬�p ) P

(
sup
f∈F

1

n

∣∣∣∣∣
n∑

i=1

(f (xi )− E[f ])

∣∣∣∣∣ ≥ 2R(F) +
√

t

2n

)
≤ 1− e−t .

Rademacher 
ó�v�^�›�H�Q�•�y�°�7�Ì�¢�ï�Å�U�˜�’�•�”�‚
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Rademacher 
ó�v�^�w�¤	�
Q�í

Contraction inequality: �‹�` ψ �U Lipschitz �È���s�’ , i.e.,
|ψ(f )− ψ(f ′)| ≤ B|f − f ′|,

R({ψ(f ) | f ∈ F}) ≤ BR(F).
�¤�A : conv(F) �› F �w�i�w�¤�A�ù
¶�.�T�’�s�”	B�ù�q�b�” .

R(conv(F)) = R(F)

�›�t�7	s�w
Q�í�U���“�É�M�}
.

......

|ℓ(y , f )− ℓ(y , f ′)| ≤ |f − f ′| �s�’�|

E

[
sup
f∈F
|L̂(f )− L(f )|

]
≤ 2R(ℓ(F)) ≤ 2R(F),

�h�i�`�| ℓ(F) = {ℓ(·, f (·)) | f ∈ F}.

�‘�l�o F �w Rademacher complexity �›�H�Q�•�y	G
ü�‚
Lipschitz �È��
Q�x�Î�ï�´�é�µ , �é�´�µ�Â�Ÿ�¿�«�é�µ�s�r�p
R�“�q�m�}�^�’�t y �q
F �U���„�s�’�Ë	Ð�é�µ�s�r�p�‹
R�“�q�m�}

Reminder: L̂(f ) = 1
n

∑n
i=1 ℓ(yi , f (xi )), L(f ) = E(X ,Y )[ℓ(Y , f (X ))]
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Rademacher 
ó�v�^�w�¤	�
Q�í

Contraction inequality: �‹�` ψ �U Lipschitz �È���s�’ , i.e.,
|ψ(f )− ψ(f ′)| ≤ B|f − f ′|,

R({ψ(f ) | f ∈ F}) ≤ BR(F).
�¤�A : conv(F) �› F �w�i�w�¤�A�ù
¶�.�T�’�s�”	B�ù�q�b�” .

R(conv(F)) = R(F)

�›�t�7	s�w
Q�í�U���“�É�M�}
.

......

|ℓ(y , f )− ℓ(y , f ′)| ≤ |f − f ′| �s�’�|

E

[
sup
f∈F
|L̂(f )− L(f )|

]
≤ 2R(ℓ(F)) ≤ 2R(F),

�h�i�`�| ℓ(F) = {ℓ(·, f (·)) | f ∈ F}.

�‘�l�o F �w Rademacher complexity �›�H�Q�•�y	G
ü�‚
Lipschitz �È��
Q�x�Î�ï�´�é�µ , �é�´�µ�Â�Ÿ�¿�«�é�µ�s�r�p
R�“�q�m�}�^�’�t y �q
F �U���„�s�’�Ë	Ð�é�µ�s�r�p�‹
R�“�q�m�}

Reminder: L̂(f ) = 1
n

∑n
i=1 ℓ(yi , f (xi )), L(f ) = E(X ,Y )[ℓ(Y , f (X ))] 32 / 60



�§�Ì�æ�ï�¬�Æ�ï�Ì�”

Rademacher complexity �›�H�Q�”�M�O�}
�§�Ì�æ�ï�¬�Æ�ï�Ì�” : �>
†	B�ù F �w
ó�v�^�~�0�”�}
.
ϵ-�§�Ì�æ�ï�¬�Æ�ï�Ì�”
..

......

N(F , ϵ, d)

�Ê�ç�Ü d �p���‡�”
R�� ϵ �w�Ø�”�ç�p F �›
ô�O�h�Š
�t
ž�A�s�7	–�w�Ø�”�ç�w
:�}

F

���v�x�w�i�p F �›�Ù�Å�b�”�w�t�7�ÿ�v
ž�A�s�x
:�}
.
Theorem (Dudley 
u
ü )
..

......

∥f ∥2n := 1
n

∑n
i=1 f (xi )

2 �q�b�”�q�|

R(F) ≤ C√
n
EDn

[∫ ∞

0

√
log(N(F , ϵ, ∥ · ∥n))dϵ

]
.
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Dudley 
u
ü�w� �Ý�”�´

R(F) ≤ C√
n
EDn

[∫ ∞

0

√
log(N(F , ϵ, ∥ · ∥n))dϵ

]
.

���v�x�w�i�p F �›�Ù�Å�b�”�}

�f�w�r
þ�S�›�I�T�X�`�o�M�l�o�|�Å
�o�M�”�i�›�‡�q�Š	Í�[�o�•�X� �Ý�”
�´�}

�½�£� �Ç�ï�¬ �q�M�O�}
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�\�•�‡�p�w�‡�q�Š

L̂(f̂ ) ≤ L̂(f ∗) (∵ �&�g�¡�)�7	–�= )

⇒ L(f̂ )− L(f ∗) ≤ L(f̂ )− L̂(f̂ )︸ ︷︷ ︸
�\�•�›�H�Q�h�M

+ L̂(f ∗)− L(f ∗)︸ ︷︷ ︸
Op(1/

√
n) (Hoeffding)

ℓ �U 1-Lipschitz (|ℓ(y , f )− ℓ(y , f ′)| ≤ |f − f ′|) �T�m ∥f ∥∞ ≤ 1 (∀f ∈ F) �w�q�V ,

L(f̂ )− L̂(f̂ ) ≤ sup
f∈F

(L(f )− L̂(f ))

≤ R(ℓ(F)) +
√

t

n
(with prob. 1− e−t)

≤ R(F) +
√

t

n
(contraction ineq., Lipschitz �È�� )

≤ 1√
n
EDn

[∫ ∞

0

√
logN(F , ϵ, ∥ · ∥n)dϵ

]
+

√
t

n
(Dudley 
u
ü ).

�Þ�§�Ì�æ�ï�¬�Æ�ï�Ì�”�U	–�^�M�„�r�æ�µ�«�x	–�^�M�à Occam’s Razor
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�« : 
¢��
Q����
:

F = {f (x) = sign(x⊤β + c) | β ∈ Rd , c ∈ R}

N(F , ϵ, ∥ · ∥n) ≤ C (d + 2)
(c
ϵ

)2(d+1)

-5 -4 -3 -2 -1 0 1 2 3 4 5

-6

-4

-2

0

2

4

6

�b�”�q�| 0-1 �é�µ ℓ �t�0�`

L(f̂ )− L̂(f̂ ) ≤ Op

(
1√
n
EDn

[∫ 1

0

√
logN(F , ϵ, ∥ · ∥n)dϵ

])
≤ Op

(
1√
n

∫ 1

0

C
√
d log(1/ϵ) + log(d)dϵ

)
≤ Op

(√
d

n

)
.
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�« : VC �Í�i

F �x�¦�Ô��
:�w	B�ù : F = {1C | C ∈ C}.
C �x�K�”	B�ù�� (�« : 
R�í���w	B�ù )

�I
ü : F �U�K�”�)�Q�’�•�h���v	B�ù Xn = {x1, . . . , xn} �›�I
ü�b�”
⇔ �Ú�™�w�å�Õ�ç Yn = {y1, . . . , yn} (yi ∈ {±1}) �t�0�`�o Xn �› F �U
Y�`�X

Q���p�V�”�}
VC �Í�i VF : F �U�I
ü�p�V�”	B�ù�U���O�`�s�M n �w�7	–�‹ .

N(F , ϵ, ∥ · ∥n) ≤ KVF (4e)
VF

(
1

ϵ

)2(VF−1)

⇒ 
Z�=�¡�) = Op(
√

VF/n)

http://www.tcs.fudan.edu.cn/rudolf/Courses/Algorithms/Alg_ss_07w/Webprojects/Qinbo_diameter/e_net.htm �T�’
�	�

VC �Í�i���v�U�°�7	)���w
ž�A	G
ü	Ú�E (�°
`�= Glivenko-Cantelli ���g�w
ž�A	G
ü	Ú�E )
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�« : �§�”�É�ç�O
F = {f ∈ H | ∥f ∥H ≤ 1}

�§�”�É�ç��
: k
�6
\�©�Î�ç�Õ�ç�Ä�í�� H
k(x , x) ≤ 1 (∀x ∈ X ) �›�>�� , e.g., �¨�¢�µ�§�”
�É�ç .

�Ú
€ Rademacher 
ó�v�^�›
°�A�`�o�ˆ�”�}∑n
i=1 ϵi f (xi ) = ⟨

∑n
i=1 ϵik(xi , ·), f ⟩H ≤ ∥

∑n
i=1 ϵik(xi , ·)∥H∥f ∥H

≤ ∥
∑n

i=1 ϵik(xi , ·)∥H �›�–�O�}

R(F) = E

[
sup
f∈F

|
∑n

i=1 ϵi f (xi )|
n

]
≤ E

[
∥
∑n

i=1 ϵik(xi , ·)∥H
n

]

= E


√∑n

i,j=1 ϵiϵjk(xi , xj)

n

 ≤
√
E
[∑n

i,j=1 ϵiϵjk(xi , xj)
]

n
(Jensen)

=

√∑n
i=1 k(xi , xi )

n
≤ 1√

n
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�« : �å�ï�¼�Ü�æ�»�w�^�;
É�Ê�ç�Ü

A = (aij): p × q �æ�»�p�¤ aij �x� �q�s�8�4�‹ 0 �T�m |aij | ≤ 1 �s�”�¬�p�!
:�}
A �w�^�;
É�Ê�ç�Ü ∥A∥ := max

∥z∥≤1
z∈Rq

∥Az∥ = max
∥w∥≤1,∥z∥≤1
w∈Rp ,z∈Rq

w⊤Az .

F = {fw ,z(aij , (i , j)) = aijwizj | w ∈ Rp, z ∈ Rq} ⇒ ∥A∥ = sup
f∈F

∑
i,j

f (aij , (i , j))

n = pq �x�w�±�ï�Ó�ç�U�K�”�q�ˆ�s�b�}
∥fw ,z − fw ′,z′∥2n = 1

pq

∑p,q
i,j=1 |aij(wizj − w ′

i z
′
j )|2 ≤ 2

pq (∥w − w ′∥2 + ∥z − z ′∥2)

∴ N(F , ϵ, ∥ · ∥n)

{
≤ C (

√
pqϵ)−(p+q), (ϵ ≤ 2/

√
pq),

= 1, (otherwise).

.

......
E

[
1

pq
sup
w ,z

w⊤Az

]
≤ C
√
pq

∫ 1√
pq

0

√
(p + q) log(C/

√
pqϵ)dϵ ≤

√
p + q

pq

�‘�l�o�| A �w�^�;
É�Ê�ç�Ü�x Op(
√
p + q).

�à �ÿ�å�ï�«�æ�»
*�� , Robust PCA, ...
	Ä�`�X�x Tao (2012), Davidson and Szarek (2001) �›�€	°�}
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�« : Lasso �w	)���è�”�Ä

�Ã�²� �ï�æ�» X = (Xij) ∈ Rn×p. p (�Í�i )≫ n (�±�ï�Ó�ç
: ).

��w�Õ�«�Ä�ç β∗ ∈ Rp: 
‡�¸�é�A
É�w�x
:�U�h�T�i�T d �x (�µ�Í�”�µ ).

�Þ�Ã�ç : Y = Xβ∗ + ξ.

β̂ ← argmin
β∈Rp

1

n
∥Xβ − Y ∥22 + λn∥β∥1.

.
Theorem (Lasso �w	)���è�”�Ä (Bickel et al., 2009, Zhang, 2009))
..

......

�Ã�²� �ï�æ�»�U Restricted eigenvalue condition (Bickel et al., 2009) �T�m
maxi,j |Xij | ≤ 1 �›�¬�h�`�|�Ê� �¶�U E[eτξi ] ≤ eσ

2τ 2/2 (∀τ > 0) �›�¬�h�b�s�’ , �¬
�p 1− δ �p

∥β̂ − β∗∥22 ≤ C
d log(p/δ)

n
.

�Þ�Í�i�U�ô�X�o�‹�|�h�T�i�T log(p) �p�`�T�®�M�o�\�s�M�}�î�í�$�s�Í�i d �U�§

��$�}
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log(p) �x�r�\�T�’�•�l�o�V�h�T�•

���v�x�w�°�7�Ì�¢�ï�Å�T�’�•�l�o�V�h�}

1

n
∥X β̂ − Y ∥22 + λn∥β̂∥1 ≤

1

n
∥Xβ∗ − Y ∥22 + λn∥β∗∥1

⇒ 1

n
∥X (β̂ − β∗)∥22 + λn∥β̂∥1 ≤

2

n
∥X⊤ξ∥∞︸ ︷︷ ︸

�\�•

∥β̂ − β∗∥1 + λn∥β∗∥1

1

n
∥X⊤ξ∥∞ = max

1≤j≤p
|1
n

n∑
i=1

Xijξi |

Hoeffding �w
Æ�s�Ü���R�w�°�7�Ì�¢�ï�Å�t�‘�“ , �¬�p 1− δ �p

max
1≤j≤p

|1
n

n∑
i=1

Xijξi | ≤ σ
√

2 log(2p/δ)

n
.
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log(p) �x�r�\�T�’�•�l�o�V�h�T�•

���v�x�w�°�7�Ì�¢�ï�Å�T�’�•�l�o�V�h�}

1

n
∥X β̂ − Y ∥22 + λn∥β̂∥1 ≤

1

n
∥Xβ∗ − Y ∥22 + λn∥β∗∥1

⇒ 1

n
∥X (β̂ − β∗)∥22 + λn∥β̂∥1 ≤

2

n
∥X⊤ξ∥∞︸ ︷︷ ︸

�\�•

∥β̂ − β∗∥1 + λn∥β∗∥1

1

n
∥X⊤ξ∥∞ = max

1≤j≤p
|1
n

n∑
i=1

Xijξi |

Hoeffding �w
Æ�s�Ü���R�w�°�7�Ì�¢�ï�Å�t�‘�“ , �¬�p 1− δ �p

max
1≤j≤p

|1
n

n∑
i=1

Xijξi | ≤ σ
√

2 log(2p/δ)

n
.
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Talagrand �w concentration inequality


Z�;
Q�w�ô�M
Æ�s�Ü�}
.
Theorem (Talagrand (1996b), Massart (2000), Bousquet (2002))
..

......

σ2 := supf∈F E[f (X )2], Pnf := 1
n

∑n
i=1 f (xi ), Pf := E[f (X )] �q�b�” .

P

[
sup
f∈F

(Pnf − Pf ) ≥ C

(
E

[
sup
f∈F

(Pnf − Pf )

]
+

√
t

n
σ +

t

n

)]
≤ e−t

Fast learning rate �›�Ô�b�w�t���;�}
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�f�w���w�Ä�Ð�¿�«

Johnson-Lindenstrauss �w�4�J (Johnson and Lindenstrauss, 1984, Dasgupta
and Gupta, 1999)
n �x�w�: {x1, . . . , xn} ∈ Rd �› k �Í�i�í���•�ù�è�b�” . k ≥ cδ log(n) �s�’ , k
�Í�i�•�w�å�ï�¼�Ü�Ó�é�´�£�«�³�ã�ï A ∈ Rk×d (�å�ï�¼�Ü�æ�» ) �x

(1− δ)∥xi − xj∥ ≤ ∥Axi − Axj∥ ≤ (1 + δ)∥xi − xj∥

�›�ô�M�¬�p�p�¬�h�b�}
�à restricted isometory (Baraniuk et al., 2008, Candès, 2008)

Gaussian concentration inequality, concentration inequality on product
space (Ledoux, 2001)

sup
f∈F

1

n

n∑
i=1

ξi f (xi ) (ξi : �¨�¢�µ
ü
Í�s�r )

Majorizing measure: �¨�¢�³�ž�ï�Ó�é�·�µ�t�‡�m�˜�”	Í�„ , �<�„ (Talagrand,
2000).
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Op(1/
√
n) �¦�”�¼�‘�“���M�è�”�Ä�x�Ô�d�”�•
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�é�µ��
:�w�§�¤
Q�›
u�Ã�$�t�b�;

f
f*

L(f)

f̂

一様なバウンド

�é�µ�w�§�¤
Q�›�–�O�q f̂ �w���O
c�“�U
M�v�^�•�”�à�‘�“�V�m�M�Ì�¢�ï�Å
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�é�µ��
:�w�§�¤
Q�›
u�Ã�$�t�b�;

f

L(f)

f̂

一様なバウンド

�‰�a�æ�g�›�?�S�‹�&�;�^�d�”�\�q�t�‘�l�o f̂ �w�æ�µ�«�U	–�^�M�\�q�›�Ô�b�}
f̂ �U f ∗ �t�Ù�M�\�q�›�b�;�à “�Á	t ”Rademacher 
ó�v�^
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�Á	t Rademacher 
ó�v�^

.

...... �Á	t Rademacher 
ó�v�^ : Rδ(F) := R({f ∈ F | E[(f − f ∗)2] ≤ δ}).

�Í�w	Ú�E�›�>���`�o�ˆ�” .

F �x 1 �p	Í�T�’�H�Q�’�•�o�M�” : ∥f ∥∞ ≤ 1 (∀f ∈ F).
ℓ �x Lipschitz �È���T�m �§�¤ :
E[ℓ(Y , f (X ))]− E[ℓ(Y , f ∗(X ))] ≥ BE[(f − f ∗)2] (∀f ∈ F).

.
Theorem (Fast learning rate (Bartlett et al., 2005))
..

......

δ∗ = inf{δ | δ ≥ Rδ(F)} �q�b�”�q�|�¬�p 1− e−t �p

L(f̂ )− L(f ∗) ≤ C
(
δ∗ +

t

n

)
.

δ∗ ≤ R(F) �x	×�t
R�“�q�m (�È
$�€	° ).
�\�•�› Fast learning rate �q�t�O�}

R±(F)

±

±±*

47 / 60



Fast learning rate �w�«

logN(F , ϵ, ∥ · ∥n) ≤ Cϵ−2ρ �w�q�V�|

Rδ(F) ≤ C

(
δ

1−ρ
2

√
n
∨ n−

1
1+ρ

)
,

�U�Ô�^�•�| δ∗ �w���[�T�’�¬�p 1− e−t �p�Í�U
R�“�q�m :

L(f̂ )− L(f ∗) ≤ C
(
n−

1
1+ρ +

t

n

)
.

�Þ 1/
√
n �‘�“�»� �Ä�‚

�€�ß���Y

�Á	t Rademacher 
ó�v�^�w�°
`�æ : Bartlett et al. (2005), Koltchinskii (2006)


Q���ð�J , Tsybakov �w	Ú�E : Tsybakov (2004), Bartlett et al. (2006)

�§�”�É�ç�O�t�S�Z�” fast learning rate: Steinwart and Christmann (2008)

Peeling device: van de Geer (2000)
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�7�&
Q

�K�”�¶	6�M�O�U�®�7�&�¯�q�x�•

�r�w�¶	6�M�O�‹�Ã�”�»�w
ü
Í�t� �a�o�˜�™
Æ�˜�™�U�K�”�}
�®�\�w	Ô�ù�x�O�‡�X�M�X�U�\�w	Ô�ù�x�O�‡�X�M�T�s�M�¯

	��s�7�&
Q�w�F	j

�•�0
Q
	×�t
Q�ó�›�~
³�^�d�”�M�O�U���t�s�M�}

minimax �7�&
Q
�°
j
Æ�˜�™�s	Ô�Ø�p�w�æ�µ�«�U�7	–�}
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�•�0
Q


ü
Í�w�Þ�Ã�ç : {Pθ|θ ∈ Θ}
Pθ �t�S�Z�”
*���” f̌ �w�æ�µ�«�w�8�4�‹ :

L̄θ(f̌ ) := EDn∼Pθ
[E(X ,Y )∼Pθ

[ℓ(Y , f̌ (X ))]]

.
Definition (�•�0
Q )
..

......

f̂ �U�•�0�$ (admissible)
⇔ L̄θ(f̌ ) ≤ L̄θ(f̂ ) (∀θ ∈ Θ) �T�m, �K�” θ′ ∈ Θ �p L̄θ′(f̌ ) < L̄θ′(f̂ ) �s�”
*���” f̌ �U

���O�`�s�M �}

θ

¹Lµ(·f )

¹Lµ(f̂ )

θ

¹Lµ(f̂ )
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�«

���o�w�h�Š�±�ï�Ó�ç Dn = {(x1, . . . , xn)} ∼ Pn
θ �T�’ Pθ (θ ∈ Θ) �›
*���b�”�ð�J

�›�ß�Q�”�}

�°�:�L�Z : �K�” θ0 �›	×�t�;�M�”�}�f�w θ0 �t�0�b�”�p�o�x�‡�“�x�7�‘�i�U��
�w θ �t�x�q�M�}

�Õ� �¶
*���” : �Ä
²
ü
Í π(θ), �æ�µ�« L(θ0, P̂)

P̂ = argmin
P̂:
*���”

∫
EDn∼Pθ0

[L(θ0, P̂)]π(θ0)dθ0.

�Ë	Ð�æ�µ�« L(θ, θ̂) = ∥θ − θ̂∥2: θ̂ =
∫
θπ(θ|Dn)dθ (�Ä�™���É )

KL-�æ�µ�« L(θ, P̂) = KL(Pθ||P̂): P̂ =
∫
P(·|θ)π(θ|Dn)dθ (�Õ� �¶�'��
ü
Í )

�Õ� �¶
*���”�w���[�‘�“�|�æ�µ�« L(θ, P̂) �›	×�t�~
³�b�”
*���”�x���O�`
�s�M�}
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minimax �7�&
Q
.
Definition (minimax �7�&
Q )
..

......

f̂ �U minimax �7�&

⇔ max
θ∈Θ

L̄θ(f̂ ) = min
f̌ :
*���”

max
θ∈Θ

L̄θ(f̌ )�}

�¶	6�g�æ�p�x��
:
��›�•�b�\�q�U���M : ∃C �p

max
θ∈Θ

L̄θ(f̂ ) ≤ C min
f̌ :
*���”

max
θ∈Θ

L̄θ(f̌ ) (∀n).

�f�O�M�O�™�¯�p�® minimax �è�”�Ä �›�a
R�b�”�¯�q�t�l�h�“�b�”�}

θ

¹Lµ(f̂ )
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minimax �è�”�Ä�›�{�Š�”�M�O

Introduction to nonparametric estimation (Tsybakov, 2008) �t	Ä�`�M�G	\ .

F �›���v�x�w�i�p�E
¯�^�d�|�f�w�O�j�°�m�7�‘�s�‹�w�›
¬�•�ð�J�›�ß�Q�”�}
(�‹�q�w�ð�J�‘�“���o�à�æ�µ�«�w�<�v�›�)�Q�” )

{f1, . . . , fMn} ⊆ F

F

fjεn

�x
: Mn �q�¡�) εn �w�Ä�è�”�Å�¦�Ñ : Mn �U	–�^�M�M�U�7�&�s�i�›
¬�•�w�U���o�t
�s�”�U�¡�) εn �U�G�V�X�s�” .

cf. Fano �w
Æ�s�Ü, Assouad �w�4�J .
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�µ�Í�”�µ
*���w minimax �è�”�Ä

.
Theorem (Raskutti and Wainwright (2011))
..

......

�K�”	Ú�E�w�‹�q�|�¬�p 1/2 �Ž	Í�p�|

min
β̂:
*���”

max
β∗:d-�µ�Í�”�µ

∥β̂ − β∗∥2 ≥ C
d log(p/d)

n
.

Lasso �x minimax �è�”�Ä�›�a
R�b�” ( d log(d)
n �w�ò�›	†�M�o )�}

�\�w�A�L�› Multiple Kernel Learning �t�¦�Á�`�h�A�L : Raskutti et al. (2012),
Suzuki and Sugiyama (2012).
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�Õ� �¶�w�¶	6�g�æ

�Ê�ï�Í�å�Õ� �¶�w�w�-�$
Q�í
�­�J	{ : Ghosh and Ramamoorthi (2003), Bayesian Nonparametrics.
Springer, 2003.

	)���è�”�Ä
�°
`�æ : Ghosal et al. (2000)
Dirichlet mixture: Ghosal and van der Vaart (2007)
Gaussian process: van der Vaart and van Zanten (2008a,b, 2011).

PAC-Bayes

L(f̂π) ≤ infρ
{∫

L(f )ρ(df ) + 2
[
λC2

n
+

KL(ρ||π)+log 2
ϵ

λ

]}
(Catoni, 2007)

�i�æ�� : McAllester (1998, 1999)

�¦�å�«�ç
Æ�s�Ü : Catoni (2004, 2007)

�µ�Í�”�µ
*���•�w� �; : Dalalyan and Tsybakov (2008), Alquier and Lounici
(2011), Suzuki (2012)
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�Ê�ï�Í�å�Õ� �¶�w�w�-�$
Q�í
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Springer, 2003.

	)���è�”�Ä
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PAC-Bayes

L(f̂π) ≤ infρ
{∫

L(f )ρ(df ) + 2
[
λC2

n
+

KL(ρ||π)+log 2
ϵ

λ

]}
(Catoni, 2007)

�i�æ�� : McAllester (1998, 1999)

�¦�å�«�ç
Æ�s�Ü : Catoni (2004, 2007)

�µ�Í�”�µ
*���•�w� �; : Dalalyan and Tsybakov (2008), Alquier and Lounici
(2011), Suzuki (2012)
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�‡�q�Š

�°�7�Ì�¢�ï�Å�U	O�A

sup
f∈F

{
1

n

n∑
i=1

ℓ(yi , f (xi ))− E[ℓ(Y , f (X ))]

}

Rademacher 
ó�v�^

�§�Ì�æ�ï�¬�Æ�ï�Ì�”

�>
†	B�ù�U�o	m�p�K�•�y�K�”�„�r�|���M	)���}

�7�&
Q�F	j

�•�0
Q

minimax �7�&
Q

f
f*

L(f)

L(f)^

f̂

一様なバウンド
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