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( HP )

(from
Scholarpedia)



limit cycle

Å cycle

Åcycle: ɤ=const.

Å

Å Ÿcycle
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ʃ= ʖ+ P(ʃ)f(t) 

ɗ 0



synchronization)

Å
ї

Å2

Åcomplete(phase) 
synchronization ɗ

Åfrequency 
synchronization: 
ɤ

Å frequency 
synchronization
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phase sync. freq.  sync.
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(Scolarpedia)

(arup.com )



Å

ÅWinfree type:

ÅKuramoto type:

Åaveraging

Å
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ʃi = +‫Ὥ  ὪὭ—ὭὫὮ(—Ὦ)

Ὦ

 

ʃὭ= +‫Ὥ ВὪὭὮ(—Ὥ —Ὦ)Ὦ   

ʃὭ= +‫Ὥ ВὥὭὮsin(—Ὦ —Ὥ)Ὦ   

f ɗ1 g ɗ2

f(ɗɗ2)



Å :aij=K/N

Åɤi g(ɤ)

Å K=Kc:

ÅK<Kc: ɗ

ÅK>Kc:  ɗ
peak

Å
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ʃὭ= +‫Ὥ ВὥὭὮsin(—Ὦ —Ὥ)Ὦ   



dynamics on network
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(0)

Å (random walk)

Å x=0

Å1step 

Å t x P(x,t)

Å t x
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ї



Å R. Feynman (
ver.

Å

Å

Å :Gaussian white noise ů

Å x=x0 at t=0

Å t x P(x,t)
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dx

dt
= f x + ʊ(t) 

ʊt  

P(x,0) =ŭ(x-x )

P(x,t) =???



Å ȹt
P(x,ȹt)

Å

Å

ÅP(x,ȹt): Gauss

Å x=x0+f(x0)ȹt

Å ů2ȹt 
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P x,ɝt =
1

Ѝ2ʌʎ2ɝt 
exp[

x x0 f x0 ɝt
2

2ʎ2ɝt
]   

x0

P(x,ȹt)

f(x0)ȹ



ÅP(x,2ȹt)

Å ȹtx=x1 2ȹt
x=x2

Åx1
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x0

P(x,ȹt)
f(x0)ȹ

P x,2ɝt = d᷿x1

1

Ѝ2ʌʎ2ɝt 
exp[

x1 x0 f x0 ɝt
2

2ʎ2ɝt
]   

×
1

Ѝ2ʌʎ2ɝt
exp

ὼ2 ὼ1 Ὢὼ1 ɝὸ
2

2„2ɝὸ
 

 

ȹ x1

x x2



(4)

Å t x

Åt=nȹt,nŸÐ(t=const.)
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P x,t = lim
n ЊO

1

2ʌʎ2ɝt n
 Ὠ᷿ὼ1Ὠὼ2ỄὨὼὲ 1 

ὼ)‏                           ὼὲ) exp[
ὼὯ+ 1 ὼὯ ɝὸ ὪὼὯ

2

2„2ɝὸ
]

Ὧ

 



Hubbard-Stratnovich

Å

Å
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P x,t = lim
n ЊO

1

2ʌʎ2ɝt n
 Ὠ᷿ὼ1Ὠὼ2ỄὨὼὲ 

ὼ)‏                           ὼὲ) exp[
ὼὯ ὼὯ 1 ɝὸ ὪὼὯ 1

2

2„2ɝὸ
]

Ὧ

 

exp
ὥὼ2

2
=

2

“ὥ
Ὠώ

Њ

Њ

exp[
ώ2

2ὥ
Ὥὼώ] 

P x,t = lim
n ЊO

1

ʌn  Ὠ᷿ὼ1Ὠὼ2ỄὨὼὲ 1ὨὼӶ1ỄὨὼӶὲ 1 

ὼ)‏               ὼὲ) exp[
„2ɝὸ ὼӶὯ

2

2
ὭὼӶὯ(ὼὯ+ 1 ὼὯ Ὥɝὸ ὪὼὯ )]

Ὧ

 



N
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dxi

dt
= f xi + gij xi ,xj + ʊi (t)

j

 

P x1ỄxN, t = lim
n ЊO

1

ʌnN
 Ὠ᷿ὼ11Ὠὼ12ỄὨὼὔὲ 1ὨὼӶ11ỄὨὼӶὔὲ 1 

ὼ1‏               ὼ1ὲ Ễ‏(ὼὔ ὼὔὲ) 

exp
„2ɝὸ ὼӶὭὯ

2

2
ὭὼӶὭὯ ὼὭὯ+ 1 ὼὭὯ ɝὸ ὪὼὭὯ ɝὸ ὫὭὮ(ὼὭὯ,ὼὮὯ)

Ὦ

 

ὭὯ
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Å aij: i j

Å random network: pair (i,j) 

Å pij=pipj aij=1

Å 1-pij aij=0

Å3

Å
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xὭ= ὪὼὭ + ὥὭὮ
Ὦ

ὫὼὭ,ὼὮ + ‚Ὥὸ 



(2)

Å format 

Å
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P x1ỄxN, t = lim
n ЊO

1

ʌnN
 Ὠ᷿ὼ11Ὠὼ12ỄὨὼὔὲ 1ὨὼӶ11ỄὨὼӶὔὲ 1 

ὼ1‏               ὼ1ὲ Ễ‏(ὼὔ ὼὔὲ) 

exp
„2ɝὸ ὼӶὭὯ

2

2
ὭὼӶὭὯ ὼὭὯ+ 1 ὼὭὯ ɝὸ ὪὼὭὯ ɝὸ ὥὭὮὫ(ὼὭὯ,ὼὮὯ)

Ὦ

 

ὭὯ

 



Å

Å

Å

Å
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Å S1

їexp(-S1)
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ộP x1ỄxN, t Ớ= lim
n ЊO

1

ʌnNộ ᷿ Ὠὼ11Ὠὼ12ỄὨὼὔὲὨὼӶ11ỄὨὼӶὔὲ 

ὼ1‏               ὼ1ὲ Ễ‏ὼὔ ὼὔὲ exp[ S0 S1]Ớ 

S1 = Ὥ ὼӶὭὯ(ɝὸ ὥὭὮὫ(ὼὭὯ,ὼὮὯ))

ὮὭὯ

 

S0 = В ʎ2
ik ɝt xὭὯ

2 + Ὥ ὼӶὭὯ(ὼὭὯ+ 1 ὼὭὯ ɝὸὪ(ὼὭὯ)) 



Åaij : pij 0

Å exp[-S1]
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ộexp[ S1]Ớ= (1 pij + pij exp[iɝt xik g xik ,xjk

k

 ])

ij

 

ộP x1ỄxN, t Ớ= lim
n ЊO

1

ʌnN
 Ὠ᷿ὼ11Ὠὼ12ỄὨὼὔὲ 1ὨὼӶ11ỄὨὼӶὔὲ 1 

ὼ1‏               ὼ1ὲ Ễ‏ὼὔ ὼὔὲ exp S0 ộexp[ S1]Ớ 



P(x,t)

Å P(x,t)

Å

Å (T. I, PRE)

Å P(x,t)

ÅGaussian

Å P(x,t) =P(x)

Åetc.
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Å pij

Å
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ộexp S1 ỚḐexp[ pij (exp iɝt xik g xik ,xjk

k

1)

ij

] 

ộexp S1 ỚḐexp[ iɝt pij xik g(xik ,xjk )

ijk

] 

ộP x1ỄxN, t Ớ= lim
n ЊO

1

ʌnN
 Ὠ᷿ὼὨὼӶ‏ὼ ὼὲ exp[ ὛὓὊ] 

S0 = ʎ2

ik

ɝt xὭὯ
2 + Ὥ ὼӶὭὯ(ὼὭὯ+ 1 ὼὭὯ ɝὸὪὼὭὯ ɝt pij g(xik ,xjk )

j

)  



Å

Å

Å Kc,ɗ

Åɗ Kc

ї
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